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Abstract
Polyhedra have been the subject of fascination and interest to mathematicians, 
philosophers and artists since the ancient times. Forms based on polyhedra have 
subsequently become popular with engineers and architects. However, data generation for 
these polyhedric configurations has traditionally been a barrier to advancement in this area. 
Graphical based solutions have been applied which have severely limited the scope of the 
applications.
The objective of the present work is to facilitate the creation of forms based on polyhedra, 
and so broaden the boundaries as to what is achievable. To this end the work is concerned 
with the development and implementation of the concepts in a computer based 
environment. In order for this to be achieved three key elements are required for each 
polyhedron. They are as follows;
• Establishment of a coordinate system,
• Evolution of a set of conventions for assigning identity numbers for faces, edges 
and vertices of polyhedra, and
• Establishment of an orientation system for mapped objects.
These have been developed to be compatible within the computer based environment. The 
implementation of the concepts is through the ‘polymation function’, which has been 
created to be a standard function within the programming language Formian. A series of 
other functions, complementary to the polymation function have been developed to be 
used within Formian. The most prominent of these is the ‘tractation function’ which is 
used to project configurations onto a range of surfaces, including a user-defined surface.
The work includes a look at some of the forms which may be created using the new tools, 
particularly in the area of ‘geodesic’ forms. Suggestions for fixture research in this field 
include widening the range of polyhedra available, looking at the problem of ‘mitring’, 
exploring rendering techniques and the development of a more general function which 
could encompass user-defined polyhedra.
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CHAPTER
Introduction
The use of polyhedra as bases for the creation of structural forms is not a recent phen­
omena; knowledge of polyhedra has existed for thousands of years. Indeed, polyhedra 
themselves have always been present, even if mankind did not realise their existence. 
Certain natural crystals have been found to have similar forms to regular and semi-regular 
polyhedra [1]. Harnessing the properties of polyhedra in the architectural and structural 
engineering fields has been a goal for many prominent architects and engineers through the 
years and there have been varying levels of success.
The arrival of the computer age has given a new impetus to work in this area as the 
benefits of working in a computer based environment are clear. The limits of possibilities 
have been expanded as new techniques have evolved to suit this change of working 
environment. The present work is a small piece in the overall jigsaw of work involving 
polyhedra, but represents a significant move forward in the task of producing form based 
on polyhedra.
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1.1 Polyhedric Configurations
Illustrated in Figure 1.1 are four examples of polyhedra, namely the tetrahedron, oct­
ahedron, icosahedron and cuboctahedron. The tetrahedron has four triangular faces, the 
octahedron has eight triangular faces, the icosahedron has twenty triangular faces and the 
cuboctahedron has eight triangular faces and six square faces. They are familiar shapes 
which come to prominence in many walks of life. For example, the pyramids of Egypt may 
be considered to be the upper four faces of an octahedron. The term ‘polyhedric 
configuration’ is used to refer to any geometric arrangement that is based on polyhedra 
such as these.
Tetrahedron Octahedron Icosahedron
Figure 1.1: Polyhedra
Cuboctahedron
There are many different types of polyhedric configurations that may be created. Shown in 
Figure 1.2 are two polyhedric configurations obtained using different techniques. The first 
polyhedric configuration, shown in Figure 1.2(a) has been obtained by combining an
(a) (b)
Figure 1.2: Polyhedric configurations
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octahedron with four tetrahedra, which have been put onto four faces of the octahedron. 
The second polyhedric configuration, shown in Figure 1.2(b) has been obtained by placing 
a triangular pattern onto three faces of the tetrahedron.
L2 Mapping onto Faces o f  Polyhedra
The second configuration illustrated in Figure 1.2 represents the first major class of 
polyhedric configuration to be considered, that obtained by mapping onto faces of poly­
hedra. Consider the triangular pattern shown in Figure 1.3(a), and the five faces of the
Z \ A
(a) (b)
(c) (d)
Figure 1.3: Mapping onto faces of an icosahedron
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icosahedron illustrated in Figure 1.3(b). When the pattern is placed onto one of these 
faces the result is as shown in Figure 1.3(c). When the pattern is mapped onto all five 
faces the polyhedric configuration shown in Figure 1.3(d) is produced. A configuration 
that is used for mapping onto the faces of a polyhedron is known as a ‘face-object’. In this 
description the words ‘mapping’ and ‘placing’ have been used interchangeably. This is 
appropriate since in the present context, mapping simply means placing.
Further examples of mapping onto the faces of polyhedra, or ‘face mapping’ are shown in 
Figure 1.4. The first four examples, those shown in Figure 1.4(a) to (d) have again been 
produced by mapping onto five faces of an icosahedron. In each case the pattern of the 
face-object is slightly different, and in Figure 1.4(d) the pattern does not actually match
(a) (b)
(C) (d)
Figure 1.4 (part i): Face mapping with different objects
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(e) (f)
Figure 1.4 (part ii): Face mapping with different objects
some of the edges of the faces onto which it has been mapped. Illustrated in Figure 1.4(e) 
are five faces of a cuboctahedron, four of which are triangular and one which is square. 
These faces are shown again in Figure 1.4(1) after face-objects have been mapped onto 
them. It may be seen that different face-objects have been used to suit the requirements of 
the different shaped faces to create complementary patterns.
1.3 Mapping onto Edges o f  Polyhedra
The mapping examples considered above have regarded the polyhedra as being solid 
bodies, with configurations placed on them. An alternative way of looking at the octa­
hedron, for example, is as a skeletal body constructed with rods along each edge. The 
octahedron has 12 edges, so would require that number of rods to produce it in this way. 
In this instance there would be no physical ‘faces’ that one could touch. Instead of using 
rods along the edges, a more complex object could be used. Figure 1.5(c) shows an 
example of such a configuration, which has been obtained by placing the space truss of 
Figure 1.5(a) onto the edges of a tetrahedron, shown in Figure 1.5(b). In this instance, as 
the truss is to be mapped onto the edges of a polyhedron, it is known as an ‘edge-object’. 
It may be noted that the ends of the truss have been designed so that when the truss is
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mapped onto the tetrahedron they meet up correctly. In Figure 1.5(d) a space truss has 
been mapped onto a selection of edges of the octahedron to demonstrate that the edge- 
object need not go onto every edge. Mapping onto edges of polyhedra represents another 
major class of polyhedric configurations. The pioneering work of Gabriel involves a 
number of examples of polyhedric configurations of the type described above [2,3].
(a) (b) (c)
(d)
Figure 1.5: Mapping onto edges of polyhedra 
L 4  Mapping onto Vertices o f Polyhedra
A natural progression from mapping onto edges is the mapping of configurations onto the 
vertices of polyhedra. Creating configurations in this way represents a third major class of 
polyhedric configurations. Examples of configurations obtained from mapping onto the 
vertices may be seen in Figure 1.6. The star-shaped object shown in Figure 1.6(a) has
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been mapped onto the four vertices of the tetrahedron to produce the configuration shown 
in Figure 1.6(b). A configuration mapped onto the vertices of a polyhedron is referred to 
as a ‘vertex-object’. Another example of a vertex-object is given in Figure 1.6(c). This is 
again a star-shaped configuration that has been mapped onto the vertices of the 
octahedron in a similar way to give the configuration in Figure 1.6(d).
The other examples in Figure 1.6 demonstrate how vertex-objects can be used in 
conjunction with edge-objects. By creating a suitably shaped vertex-object, it can removes 
the problem of having to fashion the ends of edge-objects so that they match with one 
another when joined up. Figure 1.6(e) shows the vertex-objects. Figure 1.6(f) shows a 
single edge-object, and Figure 1.6(g) shows the resultant configuration when they are all 
brought together.
(a) (b)
(c) (d)
Figure 1.6 (part i): Mapping onto vertices of polyhedra
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(Q
(e) (g)
Figure 1.6 (part ii): Mapping onto vertices of polyhedra
1.5 Other Polyhedric Configurations
The main focus of this work is on polyhedric configurations created by mapping onto the 
faces, edges or vertices of polyhedra. However, attention is also paid to polyhedric con­
figurations produced in other ways. These include configurations produced by combining 
polyhedra, such as that shown in Figure 1.7, and even configurations produced by con­
necting parts of different polyhedra.
Figure 1.7: Combining polyhedra
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Geodesic forms are a very important class of polyhedric configurations. Many famous 
structures around the world are in fact geodesic domes, an example being the famous US 
pavilion for Expo ’67 in Montreal [4], A view of this structure is shown in Figure 1.8.
i/ry V
Figure 1.8: US pavilion. Expo ’67
Geodesic configurations are obtained from polyhedric configurations, so are in fact 
polyhedric configurations themselves. The means through which a geodesic configuration 
is created may be seen from Figure 1.9. The original polyhedric configuration is shown in 
Figure 1.9(a). This has been projected onto a sphere to produce the geodesic config­
uration shown in Figure 1.9(b).
Oliver C Champion Page 16
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(a) (b)
Figure 1.9: Creation of a geodesic form 
L 6 Processing o f  Polyhedric Configurations
Creation and manipulation, or ‘processing’, of polyhedric configurations such as those 
detailed above was an extremely complex task in the days before computers. In spite of 
this, many talented designers managed to overcome the limitations of their environment to 
create many amazing structures based on polyhedric configurations. However, constraints 
imposed by processing difficulties prevented these designers taking advantage of the full 
spectrum of possibilities. Even today, the processing of polyhedric configurations is 
mainly carried out using computer programs that lack generality and have many limitations 
and shortcomings.
A convenient medium for the processing of polyhedric configurations is a programming 
language that incorporates the concepts of ‘formex algebra’. Such a language is 
‘Formian’, in which the processing of polyhedric configurations can be carried out using 
standard elements of the language [5]. The approach presented in this work centres 
around a series of concepts and related functions that have been created within Formian to 
allow this to take place. The most important of these is the ‘polymation’ function, which 
is the means through which objects are mapped onto polyhedra and is described in due 
course. Complementary to the polymation function is the ‘tractation’ function which is
Oliver C Champion Page 17
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used for projection purposes, and is the means through which geodesic forms are created. 
This function is also described in full at a later stage.
Although the concepts involved are independent of the Formian programming language, 
the use of any of the functions described in this work is dependent on a certain degree of 
knowledge regarding Formian. For instance, a key factor in the creation and of polyhedric 
configurations is the ability to produce face-objects, edge-objects and vertex-objects in a
Formex Algebra includes;
concepts that allow 
movement of forms
G=vemd(0,0)IE
concepts that allow 
propagation of forms
G=lamid(5,5/2)[E
concepts that allow 
defonnation of forms
G=bKl,3/2)|bp(l,9)|E
concepts that allow 
curtailment of forms .
G=lux(rosad(l 4,6)|[14,5])| E
Figure 1.10: Some basic concepts of formex algebra
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convenient manner. This may be achieved through Formian using the concepts of formex 
algebra. The algebra works through concepts that effect movement, propagation, 
deformation, and curtailment of forms. These basics of formex algebra are illustrated in 
Figure 1.10, More details can be found by consulting the appropriate literature [5,6].
It is hoped that the concepts outlined in this work, allied to the associated software (a full 
description of which is contained in Appendix IV) will further the development of 
polyhedric configurations. There are, however, many areas still to be explored in relation 
to such forms, as is noted in the conclusions to this work.
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Polyhedra Introduction
In order to be in a position to formulate polyhedric configurations it is necessary to have a 
thorough understanding of the polyhedra themselves, which are the basic building blocks 
of the whole process. The word ‘polyhedron’ comes from Greek and translates to ‘many 
faces’. Polyhedra consist of a collection of polygons (or faces) joined together to form a 
solid object. There are an infinite number of polyhedra that may be formed using an 
infinite number of different polygons.
Some polyhedra are more important to the engineer or architect than others. In this 
context the interest lies with what are known as ‘convex’ polyhedra. A convex poly­
hedron may be thought of as one where the whole body lies to one side of any face. This 
means the polyhedron can be laid on a flat table with any one face in contact with the table. 
In addition, the polyhedra considered here are all comprised of regular polygons. Outlined 
below are descriptions of the families of polyhedra that can be produced if these conditions 
are obeyed, including comparison of their respective properties. This starts with a look at 
the Platonic polyhedra, perhaps the most widely known of the families.
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2.1 Platonic Polyhedra
The five objects shown in Figure 2.1 are Platonic polyhedra, and are the first class of 
convex polyhedra to be considered. The Platonic polyhedra were not actually discovered 
by Plato, but are so named after Plato popularised them by the studies he and his followers 
made [7]. Platonic polyhedra have a high degree of symmetry and order, so are often 
known alternatively as the ‘regular polyhedra’. The five Platonic polyhedra are as follows:
• Tetrahedron which has 4 triangular faces,
• Cube (or Hexahedron) which has 6 square faces,
• Octahedron which has 8 triangular faces,
• Dodecahedron which has 12 pentagonal faces and
• Icosahedron which has 20 triangular faces.
Tetrahedron
PI
Cube (Hexaliedron) 
P2
Octahedron
P3
Dodecaliedron
P4
Icosaliedron
P5
Figure 2.1: Platonic polyhedra
The number and letter underneath each polyhedron in Figure 2.1 indicate the ‘P-name’ of 
that polyhedron. The number (which is known as the ‘polyhedron code’) rises with the 
complexity (i.e. number of faces) of the shape, so the tetrahedron which has fewest faces is 
given code 1 and the icosahedron which has the most is given code 5. The Platonic 
polyhedra are the only polyhedra that may be formed where all the faces are the same 
nonintersecting regular, plane polygon. In addition at each vertex the same number of 
faces meet, making the vertices congruent.
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The number of edges and vertices that a polyhedron has is dependent not only on the 
number of faces, but also on the number of edges that each face has. A polyhedron with 
more faces will not necessarily have a greater number of edges. For example the oct­
ahedron has a greater number of faces than the cube, but they each have 12 edges. The 
number of faces, edges and vertices that each of the Platonic polyhedra have may be seen 
from Table 2.1.
Faces Edges Vertices
Tetrahedron 4 6 4
Cube 6 12 8
Octahedron 8 12 6
Dodecahedron 12 30 20
Icosahedron 20 30 12
Table 2.1: Platonic polyhedra
2J.1 Dihedral Angle
The Platonic polyhedra have other properties to be considered. Each pair of adjacent faces 
meet at the same angle. This angle is known as the ‘dihedral angle’ and since it is always 
measured on the inside of the polyhedron, it is always less than 180°. The dihedral angle is 
illustrated in Figure 2.2. The angle is measured perpendicular to the common edge bet­
ween two faces under consideration.
DihedralAngle
Figure 2.2: Dihedral angle
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2.1.2 Polyhedral Dimensions
All vertices of a Platonic polyhedron are at an equal distance from the centre of that 
polyhedron. Consequently, a sphere of the appropriate size may be placed around the 
polyhedron so that all vertices lie on this sphere. This sphere is known as a ‘circum- 
sphere’, an example of which is illustrated in Figure 2.3. In this instance the cube is 
shown, with the radius of the sphere marked on the diagram as ‘Rc’ which stands for 
‘radius of circumsphere’, the distance from the centre of the polyhedron to the 
circumsphere. The radius of circumsphere is also known as the circumradius.
Rc
Figure 2.3: Radii of polyhedron
Also marked on the diagram in Figure 2.3 are two lengths labelled Ri and Rt. These are 
the distances to two further spheres of interest, known as the intersphere and insphere. 
The ‘intersphere’ is a sphere that is tangent to all the edges of the polyhedron, and 
therefore touches each edge at the midpoint. Since all the vertices are at an equal distance 
from the centre and the midpoints are at equal distances from the vertices, it follows that 
the midpoints are at equal distances from the centre. The radius of intersphere, Rt is 
smaller than the circumradius.
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The insphere is the largest sphere that can be wholly enclosed within a Platonic 
polyhedron. The faces of the polyhedron lie tangential to the insphere which touches each 
face at the centre point. The radius of insphere is therefore the distance from the centre of 
the polyhedron to the centre of each face, and is marked on the diagram in Figure 2.3 are 
Ri. The magnitude of the radius of insphere is always less than the radius of circumsphere 
and radius of intersphere.
The three radii are normally expressed in terms of a ratio of the edge length L, so for the 
cube (shown in Figure 2.3), the radius of the circumsphere is(V3 / 2)L, the radius of the 
intersphere is L / V2 and the radius of the insphere \ s L H .
2.1.3 Duality
It may be seen from the list of data in Table 2.1 that the cube and octahedron have the 
same number of edges, as do the dodecahedron and icosahedron. In addition the cube has 
the same number of faces as the octahedron has vertices and vice versa. This means that 
the two shapes may be drawn together as in Figure 2.4. In Figure 2.4(a) a face has been 
put at every vertex of the octahedron to form a cube, whilst in Figure 2.4(b) a face has 
been put at every vertex of the cube to form an octahedron. If the cube and octahedron 
have equal radii of intersphere, the result is as shown in Figure 2.4(c) where the two 
polyhedra intersect at the midpoint of each edge. The term used to describe this relation-
(a) (b) (c)
Figure 2.4: Cube and octahedron duality
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ship between the cube and octahedron is ‘duality’. In may be said that the cube and 
octahedron are duals of each other.
A similar relationship exists between the dodecahedron and the icosahedron which are also 
duals of each other. This point is illustrated by the diagram in Figure 2.5 which shows the 
two polyhedra interlinked. As with the cube/octahedron relationship, the dodecahedron 
and icosahedron have equal numbers of edges and the number of vertices that the other has 
faces.
Figure 2.5: Dodecahedron and icosahedron duality
The remaining Platonic polyhedron, the tetrahedron, is a unique case in that it has the same 
number of faces as vertices (four). This means that the tetrahedron is in fact a dual of
Figure 2.6: Tetrahedron duality
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itself, usually called a self-dual. Two tetrahedra may be taken together and combined in a 
similar fashion to the earlier cases of cube/octahedron and dodecahedron/icosahedron. 
The result may be seen in Figure 2.6 where one tetrahedron has been rotated 180° in 
relation to the other.
2.2 Archimedean Polyhedra
If polyhedra with more than one type of regular polygon as faces are now considered, a 
whole new array of polyhedra are produced. The first set of these to be looked at are the 
fifteen ‘Archimedean’ polyhedra which were discovered in ancient Greece and described 
by Archimedes [7]. However, his knowledge of the figures was lost and it was not until 
the Renaissance that this knowledge began to be gradually rediscovered The 
Archimedean polyhedra may be obtained from the Platonic polyhedra by carrying out a 
variety of transformations, as described below.
2.2.1 Truncation
Truncation of a polyhedron is achieved by dividing each edge into three segments where 
the end segments are equal in length with each other, but not necessarily the central 
segment. The vertex pieces obtained by connecting the division points are cut off and 
removed, as in Figure 2.7 where a cube has had its comers removed. By removing the
Figure 2.7: Truncation of cube
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vertex pieces, extra faces are obtained, which in the figure are shaded These new faces 
have a different number of edges to the remaining faces. The name of the new polyhedron 
produced is the same as that of its parent Platonic polyhedron, with the preceding word 
‘truncated’. The new polyhedron produced in Figure 2.7 is therefore known as the 
‘truncated cube’. As all five Platonic polyhedra may be truncated there are five Archi­
medean polyhedra produced by this method.
2.2.2 Canting
The term ‘canting’ is used to describe another alteration technique for polyhedra. The 
process starts with the midpoints of each edge being joined. The resultant vertex pieces 
created are then cut off and removed, in much the same way as with truncation, to produce 
a new polyhedron. This may be seen from the example shown in Figure 2.8 where a cube 
is again used for demonstration purposes. The removal of the vertex pieces creates 
additional triangular faces, which have been shaded in the figure to indicate them. The 
name of the object created in the example may be given as the ‘canted cube’, but as the 
canted cube and the canted octahedron are identical the polyhedron is usually referred to 
as the ‘cuboctahedron’. The term cuboctahedron indicates that this polyhedron may be 
derived from either the cube or octahedron.
Figure 2.8: Canting of cube
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2.2.3 Snubbing
The procedure used for the ‘snubbing’ of a polyhedron is best illustrated with reference to 
an example, such as that shown in Figure 2.9 for the snubbing of a cube. A smaller, 
rotated version of each face is placed at the centre of that face and the regions between the 
edges of the new faces are trimmed off by faceting. A series of new faces are created by 
this operation and are shaded in Figure 2.9.
- -
Figure 2.9: Snubbing of cube
There are two possible directions in which the smaller face may be rotated. In Figure 2.9 
the face has been rotated anti-clockwise, whilst in Figure 2.10 the rotation has been in the 
clockwise direction. The difference between the two polyhedra may be clearly seen from
Figure 2.10: Snubbing of cube (clockwise)
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the views shown in Figure 2.11. It is not possible to rotate the two objects to make them 
coincide. They may be thought of as in the same way as left and right handed gloves.
Figure 2.11: Left and right snub cubes
A point to note about snubbing is that all five of the Platonic polyhedra may be snubbed. 
However, snubbing of the cube or the octahedron produces the snub cube. The same is 
true when snubbing the dodecahedron or icosahedron; a snub dodecahedron is produced in 
each case. A surprising result is that when a tetrahedron is snubbed, an icosahedron is 
produced, a relationship noted by Kepler. In all then four new polyhedra may be produced 
by snubbing, namely the left and right snub cubes and the left and right snub dodecahedra.
2.2.4 Planing
Two polyhedra (the cuboctahedron and icosidodecahedron) are produced by canting of the 
Platonic polyhedra. When either of these two polyhedra are truncated or canted an add­
itional operation is required to produce new Aichimedean polyhedra. The need for this 
operation, known as ‘planing’, is illustrated by the following example. If a cuboctahedron 
is canted in the usual way, the result is as shown in Figure 2.12 where a polyhedron similar 
to the small rhombicuboctahedron has been produced. The faces created by the canted 
operation are shaded. It may be seen that some of these shaded faces are rectangular, a 
consequence of the fact that two triangles meet two squares at each vertex of the cuboct­
ahedron..
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.......
Figure 2.12: Canted cuboctahedron
A requirement for all the polyhedra being considered in this context is that all faces are 
regular polygons and all edges are of equal length. In order to achieve this the shaded 
faces in the diagram are planed down. In this instance the term ‘planing’ implies ‘scraping 
off the surface of the polyhedron to produce the small rhombicuboctahedron shown in 
Figure 2.13. It may be noticed that the previously rectangular faces are now square and 
equal in size to the remaining square faces. The polyhedron before planing is shown in 
dashed lines to indicate the amount of planing that has taken place.
Figure 2.13: Small rhombicuboctahedron
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As a result of using the truncation, canting, snubbing and planing techniques a total of 15 
Archimedean polyhedra are produced. Views of all 15 are shown in Figure 2.14 together 
with their names (some of which are mentioned above) and their P-names. As with the 
Platonic polyhedra, the P-name is a combination of a ‘P’ and number (the polyhedron 
code) which rises as the polyhedra gain more faces, edges and vertices. The polyhedron 
codes start at 6 to follow on from the five Platonic polyhedra. Each of the polyhedra have 
at least two different types of face, while three (P ll, P17 & P I8) have three different 
shapes of face.
Truncated
Tetrahedron
P6
Cuboctahedron
P7
Cube
P8
Truncated
Octahedron
P9
Small Rliombi- 
cuboctahedron 
PIO
Great Rhombi- 
cuboctaliedron 
P ll
Icosidodecahedron
P12
Truncated
Dodecaliedron
P13
Truncated
Icosaliedron
P14
Left Snub
Cube
P15
Right Snub 
Cube 
P16
Small Rhomb- 
icosidodecaliedron 
P17
Great Rliomb- 
icosidodecaliedron 
P18
Left Snub 
Dodecahedron 
P19
Right Snub 
Dodecahedron 
P20
Figure 2.14: Archimedean polyhedra
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The precise manner in which all 15 polyhedra are obtained may be seen from Figure 2.15 
which shows a ‘family tree’, illustrating the relationships between the Platonic and 
Archimedean polyhedra. This is a modified version of a family tree produced by Motro 
[8]. The family tree explains how most of the names are arrived at. The exceptions are
Snub Cubes 
Left Right
Snub Dodecahedra 
Left Right
SNUBBING
< DUAI.n-Y ANTINO
Cube
TRUNCATION
Truncated
Cube
Octahedron
TRUNCATION
Truncated
Octahedron
CANTING
Cuboctahedron
SNUBBING
<  DDALITYSNUnniNG@Tetrahedion
TRUNCATION
Truncated
Tetrahedron
Icosahedron
TRUNCATION
Truncated
Icosahedron
Dodecahedron
TRUNCATION
TrancatedDodecahedron
CANTING
I COS Idodecahedron
CANTING + 
PLANING
TRUNCATION 
+ PLANING
Small Great
Rhombicuboctahedron
CANTING + 
PLANING
TRUNCATION 
+ PLANING
Small Great
Rhombicosidodecahedron
Figure 2.15: Platonic and Archimedean polyhedra relationships (family tree)
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the rhombicuboctahedra and the rhombicosidodecahedra which owe their names to the 
rhombic dodecahedron and the rhombic triacontrahedron. The exact connection between 
these polyhedra is not necessary in this context as the origin of the names need not be fully 
understood.
As with the Platonic polyhedra, each of the Archimedean polyhedra have one 
circumsphere, which contains all vertices, and one intersphere, which contains the 
midpoint of each edge. This means that all vertices are at a constant radius and all edges 
are at a constant radius. However, as each Archimedean polyhedron has more than one 
shape of face, at least two inspheres exist. The ‘true’ insphere is usually defined as the 
largest sphere that can fit entirely within the polyhedron, which makes it the one which is 
tangent to the faces with the largest number of sides. There are though other inspheres 
which are measured to the faces with lesser numbers of edges. The radii of these inspheres 
are by definition larger than that to the insphere of the faces with the most edges.
Each different interface of a polyhedron has its own dihedral angle. Unlike Platonic 
polyhedra, Archimedean polyhedra have a number of interfaces. For example, the great 
rhombicuboctahedron has faces with 6, 8 and 12 sides, meaning that there are six possible 
interfaces: 6-6, 8-8, 12-12, 6-8, 6-12 and 8-12. Since no face on the polyhedron connects 
with a similar face though, the actual number of interfaces is three (6-8, 6-12 and 8-12) 
and there are that number of dihedral angles. In fact, no Archimedean polyhedron has 
more than three dihedral angles.
2.2.5 Relationship with Tetrahedron
A point to note about Archimedean polyhedra is their relationship with the tetrahedron. 
Each Archimedean polyhedron may be inscribed by the tetrahedron so that four faces of 
the polyhedron are coplanar with the faces of the tetrahedron. This may be seen from the 
two examples shown in Figure 2.16, one of which shows a cuboctahedron and the other a 
truncated octahedron, inscribed by the tetrahedron. The two Archimedean polyhedra have 
been oriented differently from the previous diagrams to allow them to fit with the 
tetrahedron, with the coplanar faces shaded.
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Figure 2.16: Archimedean connection with tetrahedron 
2.2.6 Vertex Figures
It is also interesting to take a look at the ‘vertex figure’ of the polyhedra. The vertex 
figure is a plane polygon obtained by connecting points that lie on an edge at equal 
distances from the vertex (usually the midpoints of the connecting edges or adjacent 
vertices). An example of how the vertex figure is obtained is shown in Figure 2.17 with 
reference to the truncated tetrahedron. In this case the shaded vertex figure is an isosceles 
triangle. A plan view is also shown
Vertex
Figure
v 9 a
Figure 2.17: Vertex figure for truncated tetrahedron
Shown in Figure 2.18 are the vertex figures for the 5 Platonic and 15 Archimedean 
polyhedra. The parameter ‘a’ which is used on the figures does not have any actual value 
as it depends on the overall size of the polyhedron. It is used to compare the various 
lengths that are marked on the figures. There are a few interesting points to note. Firstly,
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a
PI: Equilateral 
triangle
K a
P2: Equilateral 
triangle
P3: Square
k a
P4: Equilateral 
triangle
P5: Regular 
pentagon
P6: Isosceles 
triangle
P7: Rectangle
Ir a
P8: Isosceles 
triangle
J3a
I J2 a  1
P9: Isosceles 
triangle
PIO: Isosceles 
trapezium
73 a / (2+72)a (2+72)a
Pll: Pair of Scalene Triangles 
(Reflections of each otlier)
3+7o
P12: Rectangle
a
a ,73’a
P13: Isosceles 
triangle
P14: Isosceles 
triangle
P15: Isosceles 
pentagon
Figure 2.18 (part i): Vertex figures for Platonic and Archimedean polyhedra
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k—a—4
P16: Isosceles 
pentagon
P17: Isosceles 
trapezium
\v
P18: Pair of scalene triangles 
(Reflections of each other)
~ /3  3 Jry  2 ry 2 4
PI9: Isosceles P20: Isosceles
pentagon pentagon
T N.B. In these diagrams, ‘isosceles’ is taken to mean any figure that 
has an axis of symmetry 
perpendicular to the base, at the 
midpoint of the base.
Figure 2.18 (part ii): Vertex figures for Platonic and Archimedean polyhedra
it should be pointed out that each of the Platonic polyhedra have regular polygons as their 
vertex figures, whilst none of the Archimedean polyhedra do. The reason for this is that at 
each vertex of a Platonic polyhedron an equal number of identical faces meet. The fact 
also helps explain why the dual of a Platonic polyhedron is another Platonic polyhedron.
All of the Platonic and Archimedean polyhedra with the exception of two, have a single 
vertex figure. The two exceptions are P l l  (great rhombicuboctahedron) and P I8 (great 
rhombicosidodecahedron) which both have two vertex figures that are reflections of each 
other. The consequences of this are that for the polyhedra with only one vertex figure the 
vertices are ‘directly congruent’. That is, the configuration of each vertex of the 
polyhedron may be mapped onto that of every other vertex of the polyhedron by simple 
rigid motion of the vertex figure. However, for polyhedra P l l  and P18 a reflection 
operation is required in addition to rigid motion for half of the vertices. When there is this 
need for a reflection to take place the vertices are said to be ‘oppositely congruent’. It 
remains a fact though that all Platonic and Archimedean polyhedra have congruent 
vertices, whether they be directly or oppositely congruent.
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2,3 Prisms and Antiprisms
The next class of polyhedra to be considered are the set of facially regular prisms and 
facially regular antiprisms. Shown in Figure 2,19 are examples of a prism and an 
antiprism. A prism consists of two identical regular polygons connected by a ring of 
squares, whilst an antiprism consists of two identical polygons connected by two rings of 
equilateral triangles which alternate in orientation. In the examples shown in Figure 2.19 a 
pentagon is used in each case for the upper and lower faces.
Pentagonal prism Pentagonal antiprism
Figure 2.19: Example of prisms and antiprisms
The minimum number of edges that the upper and lower polygons must have is three 
(although, incidentally, an antiprism with just one edge at its top and one at its bottom 
turns out to be a tetrahedron). There is no limit on the number of edges that the upper and 
lower polygons have, so consequently there is an infinite range of regular prisms and 
antiprisms. The first five in each case are illustrated in Figure 2.20, where it may be 
noticed that the square prism is in fact a cube, and the triangular antiprism is in fact an 
octahedron, on its side.
\
\
/
/
Triangular
prism
P213
Square
prism
P214
Pentagonal
prism
P215
Hexagonal
prism
P216
Heptagonal
prism
P2I7
Figure 2.20 (part i): First five prisms and antiprisms
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Triangular
antiprism
P223
Square
antiprism
P224
Pentagonal
antiprism
P225
Hexagonal
antiprism
P226
Heptagonal
antiprism
P227
Figure 2.20 (part ii): First five prisms and antiprisms
The terminology used for prisms and antiprisms is to prefix the word prism or antiprism 
with the term for the number of sides of the upper and lower polygons. Thus the six sided 
prism is known as the ‘hexagonal prism’. The polyhedron codes are obtained by suffixing 
21 (for prisms) or 22 (for antiprisms) with the number of edges that the upper and lower 
polygons have. For instance the square antiprism is given the code 224 and hence has the 
P-name P224.
Prisms and antiprisms are similar to Archimedean polyhedra in the respect that they have 
one circumsphere and one intersphere, but two different inspheres. One of these is to the 
upper and lower faces, whilst the other is to the ring of faces around the side. In addition, 
each prism or antiprism has two dihedral angles. The two exceptions to these facts are the 
aforementioned square prism and triangular antiprism, which are both also Platonic 
polyhedra (cube and octahedron, respectively) and therefore only have one insphere and 
one dihedral angle. In the case of prisms the dihedral angle between the upper or lower 
faces and the ring of squares is always 90°. It is noticeable from the diagrams that as the 
number of faces increases, the relative height compared to the circumradius diminishes.
Looking at the vertex figures for the prisms and antiprisms it is apparent that, as with the 
Archimedean polyhedra, all prisms and antiprisms have congruent vertices. Since there is 
only one vertex figure for each polyhedron, the vertices are directly congruent, meaning 
that no reflection is required. The vertex figures for the first five prisms and antiprisms are 
shown in Figure 2.21. Most of the distance ratios are entered as decimals since the surd 
forms become extremely complex as more faces are added to the polyhedron. The vertex
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figures for the prisms are isosceles triangles with ever diminishing height as more faces are 
added, whilst those for antiprisms are isosceles trapeziums, also with diminishing height.
1.323 a
a
1.225 a
1.414 a
1.160 a
■H1.629 a
P213 P214 P215
1.118a 1.090 a
1.732 a 1.802 a
P223
P216 P217
(a) Prisms
1
<-------- a --------- >
0.978 a /a 0.951 a
-1 .4 1 4 a  J
P224
■ 1.629 a- 
P225
/a 0.931 a
-1.732 a-
P226
0.916 a
1.802 a
P227
(b) Antiprisms 
Figure 2.21: Vertex figures for prisms and antiprisms
Unlike Archimedean polyhedra however, it is not possible to inscribe a prism or antiprism 
into a tetrahedron so that four of the faces are coplanar with the four faces of the 
tetrahedron.
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2.4 Isomers
Consider the two polyhedra shown in Figure 2.22. At first glance they appear identical, 
but under closer inspection it may be noticed that the lower halves of the two polyhedra 
are not in the same position. Polyhedron P121, shown in Figure 2.22(b), is obtained from 
P12, shown in Figure 2.22(a), by rotating the lower half of that polyhedron 36°. This 
amount of rotation ensures that the edges of the upper and lower sections of the poly­
hedron still meet at the vertices along the central ring. Polyhedron P121, is called an 
'isomer', and since it is based on the icosidodecahedron it is known as the ‘icosi­
dodecahedron isomer’. If the rotation of the bottom half had been 72°, or a multiple 
thereof, the original icosidodecahedron would have been reproduced.
There are four Archimedean polyhedra that allow this possibility of rotating a section of 
the polyhedron. In each case it is possible to separate a number of faces from the rest of 
the polyhedron as a ring of edges lie on the same plane. In the case of the 
icosidodecahedron example which has just been discussed, this plane is horizontal and at 
the ‘equator’ of the polyhedron. All polyhedra obtained from rotating a selection of faces 
in this way are called isomers. The polyhedron codes for isomers are obtained by adding a 
number to the code of the parent polyhedron. In the present example, the icosi­
dodecahedron has only one isomer, so a ‘1’ is added to the code of the icosidodecahedron 
which produces a P-name of P121.
Icosidodecaliedron Icosidodecaliedron Isomer
P12
(a)
P121
(b)
Figure 2.22: Icosidodecahedron with isomer
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The isomer for the cuboctahedron (P7) is obtained by rotating half the faces through an 
angle of 60°. The manner in which the polyhedron is separated into two sections to allow 
the rotation to take place is illustrated in Figure 2.23. A plane, which is at an angle of 45° 
to the horizontal, is used to divide the cuboctahedron into the two sections. This plane is 
shaded in Figure 2.23(a). One of the sections is then rotated by 60° to produce the 
isomer. In Figure 2.23(b) is a view of the cuboctahedron isomer (P71). In this instance 
the half shown on the lower right hand side in Figure 2.23(a) has been rotated to produce 
the new polyhedron. The polyhedron code for the isomer has been obtained by placing a 
‘r  after the cuboctahedron code, to obtain a code of 71. The cuboctahedron isomer 
therefore has P-name P71.
Cuboctaliedron
P7
(a)
Cuboctaliedron Isomer 
P71
(b)
Figure 2.23: Cuboctahedron with isomer
The two further Archimedean polyhedra from which it is possible to obtain isomers are the 
small rhombicuboctahedron (PIO) and the small rhombicosidodecahedron (P17). With 
these two polyhedra the body is not sliced into two equal parts, rather a ‘cap’ is sliced off. 
This point is demonstrated by the diagrams in Figure 2.24 which pertain to the small 
rhombicuboctahedron.
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Small Rhombicuboctahedron 
PIO 
(a)
Small Rhombicuboctahedron Isomer 
PlOl
(b)
Figure 2.24: Small rhombicuboctahedron (PIO) with isomer
The lowest 9 faces (5 squares and 4 triangles) may be separated from the remainder of the 
polyhedron by slicing horizontally at the bottom of the ring of squares. This is shown in 
Figure 2.24(a) where the cap has been removed. Rotation of the cap by 45° and 
reattachment to the rest of the body, produces the isomer shown in Figure 2.24(b). There 
are six possible caps that may be removed from the small rhombicuboctahedron (PIO), one 
for each of the square faces, but it is only possible to rotate up to two at a time - those at 
opposite ends of the polyhedron. If this is done however the shape produced is the small 
rhombicuboctahedron (PIO) again. In the end therefore the small rhombicuboctahedron 
has only one independent isomer, which is that shown in Figure 2.24(b) and has the P- 
namePlOl.
There is one more Archimedean polyhedron from which isomers may be obtained by the 
rotation of caps, which is the small rhombicosidodecahedron (PI7). There are a total of 
twelve caps on this polyhedron that may be rotated. As with the small rhombi­
cuboctahedron it is not possible to rotate all of these at once due to interference between 
the caps. However, up to three caps may be rotated simultaneously to produce four 
different isomers. The four possible outcomes are illustrated in Figure 2.25. These are 
given the polyhedron codes 171 to 174 to differentiate between the different isomers.
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Isomer I Isomer 2
P171 P172
Isomer 3
P173
Isomer 4 
P174
Figure 2.25: Small rhombicosidodecahedron (PI7) isomers
The seven isomers described above have similar characteristics to the polyhedra they are 
derived from. That is, they have the same number of each shaped face as their parent 
polyhedron, as well as equal numbers of edges and vertices. Also, the radii of 
circumsphere, intersphere and insphere all have the same ratio to length as the parent 
polyhedra. The dihedral angles at each of the interfaces remain the same (such as the angle 
between a square face and a triangular face on the cuboctahedron), but because of the 
changes carried out to obtain the isomers, new interfaces are produced. For example, the 
cuboctahedron isomer has triangle-to-triangle and square-to-square interfaces which are 
not present on the regular cuboctahedron. The only isomer where new interfaces are not 
created is the small rhombicuboctahedron which has no additional dihedral angles.
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The vertex figures for the four different polyhedron isomers (the small rhomb­
icosidodecahedron isomers all have similar vertex figures) are illustrated in Figure 2.26. It 
may be seen that they each have one vertex figure identical to that for their parent 
polyhedron. In addition to this the isomers for the cuboctahedron, icosidodecahedron and 
the small rhombicosidodecahedron each have at least one more vertex figure, which has
1/^a
2/yTa
(a) Cuboctahedron isomer
/s+2/212 a 13
h----------7?-a---------- H
(b) Rhombicuboctahedron isomer
7(3+75)12 a
L-------- a --------- 4
(c) Icosidodecahedron isomer 
Figure 2.26 (part ii): Vertex Figures for Isomers
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0.558 a
1.3800 a
h /(3 + /5 ) /2 a  H
-1.389 a H r
0.830 a a
1.856 a
1.026 a VZ'a
K— 0.973 a 0.973 a
-1.389 a- 0.558 a ,
0.830 a j { 3 + ^ ) /2
1.856 a
1.026 a VZa
|<— 0.973 a — 0.973 a *i
(d) Rhombicosidodecahedron isomer 
Figure 2.26 (part ii): Vertex Figures for Isomers
the same number and length of edges but are arranged differently. The implications of this 
are that the three polyhedra with more than one vertex figure each have two sets of 
vertices which are not congruent with each other.
The isomer for the small rhombicuboctahedron has only one vertex figure, which is due to 
the order of the faces around each vertex being unaffected by the rotation of the cap. For 
this reason the isomer is often considered to have more regularity than the other isomers 
and is sometime known as the ‘pseudo rhombicuboctahedron’ due to its similarity to the 
parent polyhedron. However, unlike the small rhombicuboctahedron and the other 
Archimedean polyhedra, the pseudo rhombicuboctahedron may not be inscribed in a 
tetrahedron so that faces are coplanar with the faces of the tetrahedron.
There are additional families of convex polyhedra that have not been mentioned here. 
They are considered to have less regularity since they do not share all the properties of the 
polyhedra already discussed. The present work concentrates on the series of polyhedra
Oliver C Champion Page 45
Chapter 2: Polyhedra Introduction_____________________________________ PhD Thesis
described above, namely Platonic and Archimedean polyhedra, their isomers, and prisms 
and antiprisms. Contained in Appendix I is an examination of all the different families of 
convex polyhedra. Included is a description of how they may be distinguished.
2.5 Polyhedron Properties
Given in Table 2.2 is information concerning the Platonic and Archimedean polyhedra, the 
isomers, and the prisms and antiprisms. The first colunm lists the polyhedra together with 
their P-names. The second column lists the numbers of faces, edges and vertices. For 
instance, these items for the cuboctahedron are given as:
F3: 8
F4: 6
E: 24
V: 12
Here, the letter F stands for ‘face’ and the digit that follows F indicates the number of 
sides of the face. Also, the letter E stands for ‘edge’ and the letter V stands for ‘vertex’. 
The items given in the second column of Table 2.2 for cuboctahedron indicate that it has 8 
triangular faces, 6 square faces, 24 edges and 12 vertices.
The third, fourth and fifi:h columns of the table give the radii of insphere, intersphere and 
circumsphere, respectively. The radius of insphere given is that which is tangent to the 
largest faces, where there is more than one possibility (this is the largest sphere that could 
fit wholly within the polyhedron). All of these radii are given in terms of the edge length 
L. The ratios are given in terms of surds in most cases, with the equivalent decimal value 
also provided. The four snub polyhedra (P15, P16, P19 and P20) cannot be represented in 
these terms and so the formulae are given in teims of the parameter k, which represents 
the ratio of the edge length of the polyhedron to that of its parent polyhedron. In Table 
2.2 k is given to an accuracy of 9 decimal places. Using the formulae in place of the 
equivalent decimals for the representation of the polyhedra allows the user to take 
advantage of the accuracy of the hardware being used, which is often necessary when 
dealing with complex polyhedric configurations. It may be noticed that some of the ratios
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Polyhedron
Faces,
Edges,
Vertices
Radius of 
Insphere
Radius of 
Intersphere
Radius of 
Circumsphere Dihedral Angle
PI: Tetrahedron
F3:4
B:6
V:4 12(0.204124145 L)
4
(0.353553390 L)
A ,4
(0.612372435 L)
acos(l/3)
(70.5287794®)
P2: Cube
F4:6 
E; 12 
V: 8
L
2
L
72
(0.707106781 L)
2
(0.866025403 L)
90®
P3: Octahedron
F3: 8 
E: 12 
V:6
L
7 6
(0.408248290 L)
L
2
L
72
(0.707106781 L)
acos(-l/3)
(109.471221°)
P4: Dodecahedron
F5: 12 
E; 30 
V: 20
V25 + I1V5 , 
2VÏÔ "
(1.11351636 L)
3+75
4
(1.30901699 L)
7 l8  + 67s ,
4
(1.401258541)
acos(— \ j  -Js ) 
(116.565051®)
P5: Icosahedron
F3:20 
E: 30 
V: 12
3+V5 .
4 ^  ^ 
(0.755761314 L)
1 + 75 ,
4
(0.809016994 L)
>/io+ 27s ,
4
(0.951056516 L)
a co s(-75 /3 )
(138.189685®)
P6: Truncated 
Tetrahedron
F3:4 
F6:4 
E: 18 
V: 12 (0.612372435 A) (1.06066017 L)
j
4
(1.17260394 L)
[6-6] acos(l/3) 
(70.5287794°) 
[6-3] acos(-l/3) 
(109.471221®)
P7: Cubocta­
hedron
F3: 8 
F4:6 
E; 24 
V: 12
L
72
(0.707106781 L)
f  ^
(0.866025403 L)
L acos(-l/73)(125.264390®)
P71; Cubocta­
hedron Isomer
The isomer of the cuboctahedron has identical properties in terms of 
the number of faces, edges and vertices, and the three sphere radii, 
as its parent polyhedron. It also shares the dihedral angle and has 
the two additional dihedral angles shown.
[4-4] acos(-i/3 ) 
(109.471221®) 
[3-3] acos(-7/9) 
(141.057559°)
P8: Truncated 
Cube
F3:8 
F8:6 
E: 36 
V: 24
I + V2 j 
2
(1.20710678 A)
2
(1.70710678 Z,)
•y/7+472 ^
2
(1.77882365 Z,)
[8-8] 90®
[8-3] a co s(-i/.^ )  
(125.264390°)
P9: Truncated 
Octahedron
F4:6 
F6: 8 
E: 36 
V: 24 (1.22474487 L)
2
(1.58113883 L)
[6-6] acos(-l/3) 
(109.471221°) 
[6-4] a c o s(-i/.^ )  
(125.264390°)
PIO: Small
Rhombicub­
octahedron
F3: 8 
F4: 18 
E: 48 
V: 24
I + V2 
2
(1.20710678 L)
|^4 + 2 |^2 ,
2
(1.30656297 L)
75+272 ,
2
(1.39896633 Z,)
[4-4] 135®
[4-3] acos(-76/3) 
(144.735610°)
PlOl: Pseudo 
Rhombicub­
octahedron
The isomer of tlie rhombicuboctahedron has identical properties in terms of the number of faces, 
edges and vertices, and the three sphere radii, as its parent polyhedron. It also shares the two 
dihedral angles and has no additional ones.
Table 2.2 (part i): Particulars of polyhedra
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Polyhedron
Faces,
Edges,
Vertices
Radius of 
Insphere
Radius of 
Intersphere
Radius of 
Circumsphere Dihedral Angle
P ll:  Great
Rhombicub­
octahedron
F4: 12 
F6: 8 
F8:6 
E: 72 
V: 48
I + 2V2
(1.91421356 L)
712+6V2
(2.26303344 L)
7i3 + 6-^
(2.31761091 L)
[8-6] a co s(-l/.^ )  
(125.264390°) 
[8-4] 135°
[6-4] acos(-V6/3) 
(144.735610°)
PI 2: Icosido­
decahedron
F3:20 
F5: 12 
E: 60 
V: 30
75+275
75
(1.37638192 L)
75+275
(1.53884177 L)
1+75
(1.61803399 L)
acos 75 + 2757Ï3
(142.622632°)
P121; Icosido­
decahedron 
Isomer
The isomer of the icosidodecahedron has identical properties in 
terms of the number of faces, edges and vertices, and the three 
sphere radii, as its parent polyhedron. It also shares the dihedral 
angle and has the two additional dihedral angles shown.
[5-5] acos(-3/5) 
(126.869898°)
'■_5_4^[3-3] acos 15 ;
(158.375366°)
P13: Truncated 
Dodecahedron
F3:20 
F10:12 
E: 90 
V: 60
750 + 2275 ^ 
4
(2.48989829 Z)
5 + 375 ,
4
(2.92705098 L)
[10-10] acos(-l/75)
774 + 3075
(2.96944902 f ) [10-3] acos
(116.565051°)
— ^ 5 + 27s
7Î5
(142.622632°)
P14: Truncated 
Icosahedron
F5: 12 
F6: 20 
E; 90 
V: 60
742 + 1875 ,
4
(2.26728394 Z)
3 + 375 ,
4
(2.42705098 L)
■^58 + is7^
(2.47801866 L)
[6-6] acos(-7s/3) 
(138.189685°) 
"-a/5+ 275"[6-5] acos 7ÏI
(142.622632°)
P15: Left Snub 
Cube 
P16: Right Snub 
Cube
F3: 32 
F4:6 
E: 60 
V: 24
L
2k
(1.14261351 L)
V Ü F ,
2k
(1.24722317 Z,)
Vl+2^ "
2k
(1.34371337 Z,)
[4-3] 142.983430' 
[3-3] 153.234588'
k is equal to 0.437593286 and represents the ratio of the edge length of a snub cube and that of 
its parent cube. The angle of rotation of a square face of a snub cube with respect to the 
corresponding face of its parent cube is equal to 16.4675604°,
P17: Small 
Rhombicosi­
dodecahedron
F3:20 
F4: 30 
F5: 12 
E: 120 
V: 60
375+275 , 
2V5 ^
(2.06457288 L)
a/i0 + 475 ,
2
(2.17625090 L)
V ll+475 ,
2
(2.23295051 L)
[5-4] acos -7lO+273^2^5 
(148.282526°)
[4-3] a c o s f z i l i Æ  
I 273 )
(159.094843°)
P171, P172, 
P173,P174:
Rhombicosi­
dodecahedron
Isomers
The isomers of the small rhombicuboctahedron have 
identical properties in terms of the number of faces, edges 
and vertices, and the three sphere radii, as their parent 
polyhedron. They also share the two dihedral angles and 
have the two additional dihedral angles shown.
15-31 acos 7 i 5- 67s  775 +  675
30 10
(153.942419°) 
[4-4] acos(-2/75) 
________ (153.434949°)
Table 2.2 (part ii); Particulars of polyhedra
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Polyhedron
Faces,
Edges,
Vertices
Radius of 
Insphere
Radius of 
Intersphere
Radius of 
Circumsphere Dihedral Angle
[10-6] acos '-V 5 + 2V5
P18: Great 
Rhombicosi- 
dodecahedron
F4:30 
F6:20 
F10:I2 
E: 180 
V; 120
V25 + I0V5
(3.44095480 L)
V30 + I2V5
(3.76937713 L)
V3I + I2V5
(3.80239450 L)
[10-4] acos
VÏ5 
(142.622632®)
—  '^ 10 + 2'^ 5^ |
[6-4] acos
2V5
(148.282526°)
'-(1 + V5)1
\  2V3 y 
(159.094843°)
P19; Left Snub 
Dodecahedron
F3 ; 80 
F5: 12 
E: 150 
V:60
I25 + llVs40&: 
(1.98091595 Z)
3 + V s+2*2  ^
(40-16V5)*2
(2.09705384 L)
7 + 3V5+8*2^
(20-4V5)*2 
(2.15583737 Z)
[5-3] 152.929920' 
[3-3] 164.175366'
Dodecahedron k is equal to 0.562121965 and represents the ratio of tlie edge lengtli of a snub dodecahedron and 
tliat of its parent dodecahedron. The angle of rotation of a pentagonal face of a snub dodecahedron 
with respect to the corresponding face of its parent dodecaliedron is equal to 13.1064034°.
P21/i: Regular 
Prisms
F4: ft 
Fw:2 
E: 3« 
V: 2n
L
2
5
2 ^
V&2 +1  ^
2
[w-4] 90°
[4-4] ( X - % ) * 3 6 0 °
n is equal to the number of edges that the upper and lower faces have, j  is equal to l/sin(180°/«).
F22/i: Regular 
Antiprisms
F3: In 
Fn: 2 
E; 4n 
V: In
[m-3] a co sfl—i^
1 y/3 J
[3-3] acosf /  1]
yj 2s{t -  5) + 4 
4 ^
^ 2s{s + t)
4 ^
2jf(j+ r) + 4 
4 ^
M is equal to the number of edges that the upper and lower faces have, s  is equal to l/sin(180°/«) and 
f is equal to l/tan(180°/«).
Some General Relations
Centie of 
face
Centre of 
Polyhedron
i l ) R c  = ^ |R t'^+ L^/ 4  (2 )R t = 4 R c ^ - I ?  14 (?) Rip ^ R c ^  - r p ^  (4) Rip ^  Rt^ -  bp^
(5 )L =  2 ^ lR c^ -R t^  (6) a = 2 as\n(L/2Rc) (7) a  ~  2 acos(Rt/Rc) (8) a  = 2 atan(Z/2i?0
The above relations are applicable to every polyhedron included in the Table, where:
• Z is the edge length • a is the angle subtended by an edge at the centre of the 
polyhedron • Rc is the radius of the circumsphere • Rt is the radius of the intersphere
• Rip is the radius of an insphere, that is, a sphere wliich is tangent to all the faces of 
type p • /p is the distance between the centre and a comer of a face of type p* bp is the 
distance between the centre and the midpoint of a side of a face of type p • The radius of 
insphere for an Archimedean polyhedron or an antiprism given in the third column of 
the Table corresponds to the smallest insphere, that is, the insphere which is tangent to 
tlie largest faces. For the prisms the insphere is that which is tangent to the square 
faces. This is the smallest insphere for all prisms except the triangular prism.
Table 2.2 (part iii): Particulars of polyhedra
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are remarkably convenient, such as the cuboctahedron which has a circumradius exactly 
equal to the edge length.
The final column gives details of the dihedral angles of the polyhedra. The numbers in 
brackets indicate which faces the angle is between. For example, in the case of P6 
(truncated tetrahedron), the first dihedral angle is preceded by [6-6] indicating that the 
angle is between two hexagonal faces and the second dihedral angles Is preceded by [6-3] 
indicating that the angle is between an hexagonal face and a triangular face. All of the 
angles, again with the exception of the snubs, are given in terms of the inverse cosine of 
surds (acos). Those for the snubs are in decimal form, given to 9 significant figures.
The data for the isomers is identical to that for their parent polyhedra. There are however 
some additional dihedral angles to be considered as the isomers have new interfaces 
between faces. Every isomer, with the exception of the one for the small rhomb- 
icosidodecahedron, has at least one additional angle. These extra dihedral angles are 
contained in Table 2.2. As far as the prisms and antiprisms are concerned, the data is 
expressed in terms of the parameter n which indicates the number of edges that the top and 
bottom polygons have. For example, the heptagonal antiprism has top and bottom faces 
which each have seven edges, so « = 7. The number of triangular faces, as given in the 
table is 2 X « = 14. The term given for the radii of insphere of the prisms represents the 
insphere for the upper and lower faces. This is the smallest insphere for every prism 
except the triangular prism, a point which is made in the table. The term given for the radii 
of insphere of the antiprisms is in all cases the smallest radius of insphere.
At the foot of Table 2.2 are some general relationships between parameters connected 
with the polyhedra. These may be calculated as and when required. The ‘pod’ function, 
which is described in Chapter 4, may be used to compute any of the values contained in 
Table 2.2 to a high degree of accuracy, and may be used in conjunction with the other 
functions described.
Detailed general descriptions of Platonic and Archimedean polyhedra may be found in 
many excellent publications [7,9,10].
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Polyhedra Reference Systems
Graphical representation of polyhedra and polyhedric configurations has been carried out 
for years without the need for a distinct reference system as such. However, when a 
computer based approach is employed a whole new perspective is required. The internal 
computer representation of a configuration is a ‘numerical model’ that describes the 
configuration in terms of the coordinates of its nodal points. In order for polyhedric 
configurations to be represented on such a basis, it is necessary that they be related to 
some form of ‘coordinate system’. Furthermore, in order to ensure that the intended 
configurations are produced, it is necessary to distinguish not only between different 
polyhedra, but also between the individual components (entities) of the polyhedra as well. 
These entities are the faces, edges and vertices of which the polyhedra are comprised. 
Outlined below is a description of how this has been achieved, giving all the relevant 
information.
6.1 Coordinate Systems
The approach used to establish the coordinate systems to which the nodes are related is 
based on the tetrahedron, the polyhedron with fewest faces. The principles used are then
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applied to the other polyhedra. The chosen standard coordinate system for the tetrahedron 
is the right-handed Cartesian coordinate system that is shown as x-y-z in Figure 3.1(a). 
Figure 3.1(b) illustrates the conventions used in specifying this standard coordinate system. 
The origin of the coordinate system is chosen to coincide with the centre of the 
polyhedron. This point is indicated by a large dot. The points where the x-, y- and z- axes 
intersect the body of the polyhedron are referred to as x-point, y-point and z-point, 
respectively. The x-point is at the centre of the circle with an x inside it. The y-point is 
indicated by a little circle and the y-axis is shown as an arrow emanating from the y-point. 
Similarly, the z-point is indicated by a little circle and the z-axis is shown as an arrow 
emanating from the z-point. The pattern which has been placed onto the faces of the 
tetrahedron indicates where exactly the x-point and y-point are since they coincide exactly 
with nodes of the grid that has been mapped. The x-point and y-point are one third of the 
way up from the base of their respective faces, which one would expect, since the centroid 
of a tetrahedron is a third of the way from its base to its apex.
Z-point
Centre of Polyhedron Y-point
X-point
(b)(a)
Figure 3.1: Tetrahedron coordinate system
The X - ,  y-, and z-axes have been selected as far as possible to be consistent through the 
range of polyhedra. The axes for the five Platonic polyhedra are designated with the 
intention of retaining rotational symmetry about the z-axis, which means that the z-axis in
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each case passes thiough either a vertex (tetrahedron, octahedron, icosahedron) or the 
centre of a face (cube, dodecahedron). The polyhedron is then oriented such that the x- 
axis passes through a line bisecting a face, or along an edge, which is possible with all five 
shapes. The y-axis is then uniquely determined to fit in with the other two axes. In 
addition, the cube and octahedron, which are duals of each other, have a compatible 
system, as do the dodecahedron and icosahedron which are also duals of each other. This 
principle is explained in due course.
3. J. I Platonic Polyhedra
The standard coordinate systems for the five Platonic polyhedra are shown in Figure 3.2. 
The same conventions have been used for indication of the origin of the axes and the x-, y- 
and z-points. These are represented in a similar manner to those illustrated for the 
tetrahedron in Figure 3.1(b). Beside some of the diagrams is an extra small figure which 
illustrates the exact position of the x-point where this is not obvious from the main 
diagrams.
The fact that the cube and octahedron have compatible axes may be illustrated with 
reference to Figure 3.3. The two polyhedra are shown with a common centre point, 
designated by the dot. They have also been drawn so that the circumradius of the 
octahedron is equal to the radius of insphere of the cube. As they are duals of each other, 
this means that the vertices of the octahedron are at the centre of the faces of the cube. 
The same axes are used for both polyhedra, which are marked on the diagram. The x-, y- 
and z- points, which are where the axes emerge are in identical positions for the two 
polyhedra. These are at vertices for the octahedron and the centre of faces for the cube. 
Referring back to Figure 3.2, which shows the cube and octahedron with their coordinate 
systems, it may now be seen how they tie in with each other.
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Tetrahedron Cube
PI P2
Octaliedron
P3
Dodecaliedron Icosaliedron
P4 P5
Figure 3.2: Coordinate systems of Platonic polyhedra
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Figure 3.3: Cube and octahedron coordinate systems 
3.1.2 Archimedean Polyhedra
The coordinate systems for the Archimedean polyhedra have been chosen to be as 
compatible as possible with the Platonic polyhedra. An example of this may be seen with 
the truncated cube. If a regular cube is viewed, with its coordinate system, and then has its 
corners removed, a truncated cube is produced. The coordinate system remains where it 
is, as may be seen in Figure 3.4.
Figure 3.4: Cube and truncated cube coordinate systems
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Polyhedra such as the cuboctahedron and the icosidodecahedron can be descended from 
more than one Platonic polyhedron, in which case the coordinates are compatible with 
both. Figure 3.5 shows the full set of Archimedean polyhedra with their coordinate 
systems. As with the Platonic polyhedra the precise position of the x-point is given in a 
separate diagram where it is not obvious from the main figure.
Figure 3.5 (part i): Coordinate 
systems of Archimedean 
polyhedra
Truncated Tetraliedron
P6
Cuboctahedron Truncated Cube
P7 P8
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Truncated Octahedron
P9
Small Rliombicuboctaliedron 
PIO
r-
Great Rhombicuboctahedron 
P ll
Icosidodecahedron
P12
Truncated Dodecahedron 
PI3
Truncated Icosahedron 
P14
Figure 3.5 (part ii): Coordinate systems of Archimedean polyhedra
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P15
Left Snub Cube Right Snub Cube
P16
/ \
Small Rliombicosidodecaliedron Great Rliombicosidodecaliedron
P17 P18
e  and f 
era parallel 
'  to the y  and z 
axes, respectively.
e a n d f  
are parallel 
^  to the y and z 
axes, respectively
Left Snub Dodecaliedron 
P19
Right Snub Dodecahedron 
P20
Figure 3.5 (part iii): Coordinate systems of Archimedean polyhedra
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From the point of view of compatibility of the coordinate systems, as given in Figure 3.5, 
the twenty Platonic and Archimedean polyhedra may be divided into three groups. Firstly, 
there is the group containing solely the tetrahedron and the truncated tetrahedron. These 
two polyhedra take up the central part of the family tree shown in Figure 2.15.
The second group of polyhedra with compatible coordinate systems consists of nine 
polyhedra These are the polyhedra that can be derived from the cube or octahedron and 
appear to the left of the centre in the family tree of Figure 2.15. The third group of 
polyhedra with compatible coordinate systems can be derived from the dodecahedron or 
icosahedron. There are also nine polyhedra in this group, and they may be found to the 
right-hand side of the family tree of Figure 2.15.
Further views of the polyhedra with their axes may be seen in Figure 3.6. This is a photo­
graph of models of the twenty Platonic and Archimedean polyhedra. The Platonic poly-
Figure 3.6: Models of Platonic and Archimedean polyhedra
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hedra are in the front row, with the Archimedean polyhedra in the three rows behind. 
Those nearest the camera have lower polyhedron codes. Visible on each of the models are 
two spots. The darker spot that appears at the front of the model indicates the position of 
the x-point and the lighter spot that appears at the top of the model indicates the position 
of the z-point.
3.L3 Isomers
The coordinate systems for the isomers have been adopted with the intention of retaining 
compatibility with their parent Archimedean polyhedra. This is similar to obtaining com­
patibility between the coordinate systems of the Archimedean polyhedra and their parent 
Platonic polyhedra. This sometimes results in shapes which do not have rotational 
symmetry about the z-axis, as in the case of the cuboctahedron isomer (P71), and some of 
the rhombicosidodecahedron isomers (PI73 and P I74). The coordinate systems for all 
seven isomers are illustrated in Figure 3.7.
tz
Cuboctahedron Isomer 
P71
VT
Pseudo Rliombicuboctahedron
PlOl
Figure 3.7 (part i): Coordinate systems of isomers
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Icosidodecaliedron Isomer 
P121
Rliombicosidodecaliedron Isomers I & 2 
P17I &P172
Rliombicosidodecaliedron Isomers 3 & 4 
P173&PI74
Figure 3.7 (part ii): Coordinate systems of isomers
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3.1.4 Prisms and Antiprisms
With the prisms and antiprisms, a whole new set of coordinate systems are employed, 
which are not based on those previously selected for the Platonic and Archimedean 
polyhedra. However, similar principles are adhered to, such as retaining rotational 
symmetry about the z-axis. To this end, the z-axis for every prism and antiprism passes 
through one of the two parallel faces. In the case of prisms the x-axis then passes through 
the centre of one of the squares, with the y-axis ending up where these conditions dictate. 
For antiprisms the x-point is located on of one of the triangular faces, equidistant from the 
top and bottom faces. This triangular face is always oriented so that its horizontal edge, 
containing two vertices of the triangle, has a lower z value than the third vertex of the 
triangle. The coordinate systems for the first five prisms and antiprisms may be seen in 
Figure 3.8.
Triangular Prism Square Prism
P213 P214
Pentagonal Prism Hexagonal Prism
P215 P216
Figure 3.8 (part i): Axes for prisms and antiprisms
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Heptagonal Prism Triangular Antiprism
P217 P223
Square Antiprism Pentagonal Antiprism
P224 P225
Hexagonal Antiprism Heptagonal Antiprism
P226 P227
Figure 3.8 (part ii): Axes for prisms and antiprisms
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The square prism (P214) is also a cube (P2), and it transpires that the coordinate systems 
for the two are identical. However, the triangular antiprism (P223), which is also an 
octahedron (P3), does not share the same coordinate system. To avoid confusion the 
triangular antiprism should be referred to as such and must be considered to be a different 
polyhedron to the octahedron, even though they are actually identical.
3.2 Identity Numbers and Orientation Systems
The tools established for the creation of polyhedric configurations allow for mapping to 
take place onto the three entities of polyhedra, namely faces, edges and vertices. In each 
of these cases it is essential that eveiy entity is given an identity number and an orientation 
system. Below is a description of terminology employed in this pursuit. This is followed 
by explanations of why the identity numbers and orientation systems are actually 
necessary, together with details of the systems used to ensure that objects mapped onto 
polyhedra are oriented as intended.
3.2.1 Terminology
Certain terms have been adopted to be used when referring to the polyhedra and their 
coordinate systems in relation to identity numbers and orientation systems. These terms 
may be seen best from Figure 3.9 which illustrates the Cartesian coordinates and their 
relationship with the spherical coordinates. Although the polyhedra are based on Cartesian 
coordinates, spherical coordinates are used in certain instances, most notably in the 
ordering of the entities. The spherical coordinates have been given the letters ‘s’ and ‘t’, 
the sense of which may be seen from the illustration. An important concept is the 
equatorial or ‘E-plane’ which bisects the polyhedron into two halves. The upper half is 
known as the ‘Northern Hemisphere’ and the lower as the ‘Southern Hemisphere’. In the 
northern hemisphere t ranges in value from 0° at the positive z-axis to 90° at the E-plane. 
It then goes to a value of 180° at the negative z-axis in the southern hemisphere. The 
Greenwich or ‘G-plane’ is a semiplane bounded by the z-axis and containing the positive 
x-axis. On the G-plane, s has a value of 0° and increases positively in the direction shown 
in Figure 3.9 up until a maximum value of 360°.
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G-Plane (Greenwich Plane)
NorthernHemisphere
SouthernHemisphere
E-Plane (Equatorial Plane)
Figure 3.9: Cartesian and spherical coordinate systems for a polyhedron 
3.2.2 Faces
Shown in Figure 3.10 are examples of polyhedric configurations obtained by mapping 
configurations onto an icosahedron. Configurations mapped onto the faces of polyhedra in 
this way are known as ‘face-objects’. Without going into details at this stage as to how 
the actual mapping is carried out, various points may be established from the diagrams in 
Figure 3.10. The first point to note is that in most practical instances it is desirable to map 
onto a selection of faces rather than all the faces of a polyhedron. In the examples of 
Figure 3.10(c) to Figure 3.10(Q the polyhedric configuration has been obtained by the 
mapping of a face-object onto the top five faces of an icosahedron. In the first two 
instances, Figure 3.10(c) and Figure 3.10(d) the same face-object has been used for all 
faces mapped onto. In the examples of Figure 3.10(e) and 3.10(^ however, the faces have 
been mapped with either the face-object shown in Figure 3.10(a) or the one shown in 
Figure 3.10(b). In order to select which face to map which pattern onto, it is necessary to 
have a means of identifying the faces of a polyhedron. This is achieved by associating an 
identity number with each face of a polyhedron.
Oliver C Champion Page 65
Chapter 3 : Polyhedra Reference Systems PhD Thesis
(a) (b)
(c) (d)
(e) (f)
Figure 3.10: Polyhedric configurations based on icosahedron
Another problem that has to be addressed is illustrated in terms of the polyhedric 
configurations shown in Figure 3.11. In these diagrams the face-objects of Figure 3 .11(a) 
and Figure 3.11(b) have been used for mapping to create some polyhedric configurations
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based on the icosahedron. The first of these, shown in Figure 3.11(c) is created by the 
mapping of the configuration of Figure 3.11(a) onto the top five faces of an icosahedron. 
As the face-object used does not have any irregularities there is no difference whichever 
way it is mapped. However, if the face-object of Figure 3.11(b) is used for mapping, the 
results can vary significantly. In Figure 3.11(d) the gap appears at the top of every 
triangular configuration, in Figure 3.11(e) it appears at the right hand side and in Figure 
3.11(Q it appears in each of the three comers. The point that is being illustrated here is 
that in order to obtain the desired polyhedric configuration a system for orientating the 
mapped object is required.
/\/vv\,
(a) (b)
(c) (d)
Figure 3.11 (part i): Further polyhedric configurations based on icosahedron
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(e) (f)
Figure 3.11 (part ii): Further polyhedric configurations based on icosahedron
The orientation system for faces is based on one edge of each face being assigned the 
status of ‘baseline’. It is not important at this stage to realise how in fact objects are 
mapped in relation to the baseline, but to recognise that once a baseline has been 
established (along with the identity number) the face is uniquely defined. Every face of the 
polyhedra under consideration is a regular polygon, so there are no edges that could 
automatically be selected as baselines for being longer or shorter etc. Once a baseline has 
been selected, the end points are associated with the letters A and B. The end of the 
baseline that is associated with the letter A is referred to as the ‘A-end’ and the end that is 
associated with the letter B is referred to as the ‘B-end’.
It is necessary for each face of each polyhedra to be assigned an identity number, and for 
one of the edges to be accorded the status of baseline. This is carried out according to a 
set of rules which may be found in Appendix II. The rules cover the Platonic and 
Archimedean polyhedra, as well as the isomers, prisms and antiprisms. The rules have 
been designed to give as much compatibility between the different families of polyhedra as 
well as the northern and southern hemispheres of individual polyhedra. A series of 
diagrams have been produced to show which identity number each face has, and which of 
the edges is the baseline. These diagrams enable the user to establish the identity of a face 
at a glance, without having to consult the rules.
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The method used on the diagrams to indicate which identity number each face has been 
assigned is illustrated in Figure 3.12, using the dodecahedron as an example. One comer 
of every face has an arc placed in it, together with a number and letter nearby. The 
number indicates the identity number for the particular face, whilst the letter may be used 
to identify which edge is the baseline. For example, face 11 has been reproduced in Figure 
3.12(b) with a view perpendicular to the face. The comer with the arc in has been 
designated as ‘d’. The other comers may be assigned the letters a, b, c and e to fit in with 
the d. The letters are placed alphabetically in the anti-clockwise direction as shown in 
Figure 3.12(c). The edge which runs between comers a and b is the baseline, with comer 
a being the A-end and comer b being the B-end.
(a) Dodecahedron face identity numbers and baseline indication
11d
Face 11
/  t \A-end Baseline B-end
(b) (c)
Figure 3.12: Dodecahedron faces showing baseline indication
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This format has been used for the complete set of diagrams which may be found in 
Appendix III. Obviously, the number of letters required for the comers is dependent on 
the number of edges that each polygon has, the maximum of which is ten (a-j). The 
diagram for one of the polyhedra with the most number of sides, the left snub 
dodecahedron (PI9) is shown in Figure 3.13. This shows that for even the most 
complicated polyhedra the indication system used allows every face and baseline to be 
identified.
86024b
80c 75b
76a 67a 92e
Figure 3.13; Identity numbers and baselines for left snub dodecahedron (PI9)
3.2.3 Edges
Illustrated in Figure 3.14(a) is a tmss configuration which is to be mapped onto the edges 
of a polyhedron. For this reason the configuration is known as an ‘edge-objecC. The ends 
of the truss have been angled so that when mapped they will fit together exactly (both the 
upper and lower chords), without any gaps. The term ‘mitre angle’ is used to describe the 
angle required at the ends of the tmss for this to happen. Each polyhedron has a mitre
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angle which is dependent on the relationship between the edge length (L) and the 
circumradius (Rc) of polyhedra. Calculation of the mitre angle may be carried out using 
the formula: mitre angle = asin(L/2Rc)
7
Mitre Angle
(a) Truss Configuration (b) Icosahedron mapping
(c) Dodecahedron mapping 
Figure 3.14: Mapping onto the edges of polyhedra
Shown in Figure 3.14(b) is the result when the truss is mapped onto some edges of an 
icosahedron. The plane of the truss is oriented so that it passes through the centre of the 
polyhedron. As with mapping onto faces, it is not important at this stage to detail how the 
mapping is actually carried out, but to demonstrate that objects may be mapped onto edges 
in this manner. The need for identity numbers is illustrated by the example of the
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dodecahedron in Figure 3.14(c) where two different trusses have been used for mapping 
onto the upper 10 edges of the polyhedron. The dashed lines indicate the boundaries of 
the polyhedron being mapped onto. The object mapped onto the side edges is not 
symmetrical and has been mapped so that the mitred end fits in at the upper vertices. This 
demonstrates the need for an orientation system, which ensures that this end and not the 
unmitred end is located there.
The orientation system used for edges, consists of the two ends of an edge being assigned 
the status of A-end and B-end. This is carried out according to further rules, which may 
also be found in Appendix II. As with faces, a series of diagrams has been produced to 
illustrate which end of an edge is the A-end and which is the B-end. The method used to 
indicate which end is which is demonstrated with the cuboctahedron, in Figure 3.15.
(a) Cuboctahedron edge identity numbers and arrow indicators 
Figure 3.15(part i): Cuboctahedron showing edge orientation system
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B-endA-endB-end A-end
(b) A-ends and B-ends of edges 
Figure 3.15 (part ii): Cuboctahedron showing edge orientation system
In Figure 3.15(a), each edge has an arrow placed on it. Near to each arrow is a number. 
This number represents the identity number for that particular edge. It may be seen, for 
instance, that the lowest edge numbers (1 to 4) are the ones around the uppermost ring of 
the cuboctahedron. The arrow is used to indicate the A-end and B-end of each edge. The 
arrow points the way from the A-end to the B-end, so the end nearest the point is the B- 
end and the end nearest the tail is the A-end. This may be seen from Figure 3.15(b) where 
edges 2 and 3 of the cuboctahedron have had their A-ends and B-ends marked on.
It may have been noticed from the diagram of the dodecahedron that there were additional 
numbers and symbols on the vertices of the polyhedron. These are related to the identity 
systems for vertices and will be explained presently, but have no direct connection with the 
edge identification system. When the number of edges and vertices increases, the diagrams 
naturally become more cluttered. For this reason, the systems for edges and vertices are 
separated on some diagrams which are deemed to have become overcrowded. One such 
example is the great rhombicosidodecahedron (PI8), the diagram of which is shown in 
Figure 3.15.
Oliver C Champion Page 73
Chapter 3 : Polyhedra Reference Systems PhD Thesis
103 j I
13 A
140 131
168^
r ~ ~
1 179 180
158
17?'
143
149 A
1157 
1 6 ^ x ^ ; T 1 4 8
142
171 17 2  173
Figure 3.16: Identity numbers and arrows for great rhombicosidodecahedron (PI8)
It may be seen that for the great rhombicosidodecahedron a further modification has been 
carried out. The upper and lower parts of the polyhedron have been duplicated, enlarged 
and then placed outside the original diagram. The aim of this operation is to clarify the 
information contained in the crowded upper and lower regions.
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Another convention used in cases where it is impractical to fit an arrow on a particular 
edge, is to draw a line from the identity number which touches the edge at some point 
along it. The edge that the line touches assumes the identity number directed at it. In 
addition the line touches the edge nearer to one vertex than the other. The vertex that is 
furthest fi'om this touching point is the A-end whilst the end nearest is the B-end. An 
example of this in the case of the great rhombicosidodecahedron is edge 179 where it may 
be seen that the line is closest to the vertex connected to edge 180. This end therefore 
becomes the B-end.
As with the faces, the identity numbers and orientation systems for edges may be found 
either by consulting the rules in Appendix II or the complete set of diagrams given in 
Appendix III.
3,2.4 Vertices
Shown in Figure 3.17 are examples of mapping onto the vertices of polyhedra. Objects 
mapped onto the vertices of polyhedra are known as ‘vertex-objects’. An example of a 
vertex object is the configuration shown in Figure 3.17(a) which has been mapped onto all 
the vertices of a tetrahedron to produce the polyhedric configuration shown in Figure 
3.17(b). The original boundaries of the tetrahedron are shown in dashed lines. A 
corresponding vertex object for the octahedron is illustrated in Figure 3.17(c). When 
mapped onto an octahedron, the result is as shown in Figure 3.17(d). The polyhedric 
configuration shown in Figure 3.17(f) is again based on the octahedron, but has been 
created by using two different vertex objects. These two vertex objects are the ones 
shown in Figure 3.17(c) and 3.17(e).
The point to be made from these figures is that as with faces and edges, it is usually 
desirable to map onto a selection of vertices that every single one. Looking at the 
polyhedric configuration in Figure 3.17(f) it may be seen that only the upper five vertices
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(a) (b)
(c) (d)
(e) (f)
Figure 3.17: Mapping onto the vertices of polyhedra
have had objects mapped onto them. In addition, different vertex-objects have been used 
for the upper vertex vis-à-vis the lower four. In has been necessary to distinguish not only 
between which vertices are mapped onto and which are not, but also what has been 
mapped onto the individual vertices. This clearly demonstrates the need for identity 
numbers for the vertices of polyhedra.
An additional point may be made regarding the polyhedric configuration in Figure 3.17(Q. 
The vertex-object which has been mapped onto the lower four vertices can be said to be
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asymmetric. This is in the sense that when mapped, one of the edges connected to the 
vertex being mapped onto does not have any part of the configuration along it. In the 
figure it is the edges running to the (not visible) lower vertex that do not have the 
configuration running along them. It could, however, have been one of the other edges 
which missed out, if the vertex-object had been oriented differently. This fact illustrates 
that an orientation system is also required for mapping onto the vertices of polyhedra.
The manner in which the orientation of objects mapped onto the vertices of polyhedra is 
controlled is by designating one of the edges which connects to a vertex as the ‘handle’. 
With one edge uniquely designated in this way, objects can be mapped with the intended 
orientation. The precise technique used when objects are mapped will be explained in 
detail in due course, but at this stage it is important to recognise that once a handle has 
been assigned an object may be mapped as required. A set of rules has been drawn up, 
which may be used to determine which connecting edge is the handle for each vertex. 
These rules may be found with those for the faces and edges in Appendix II.
The means for representing the identity numbers and handles on the polyhedron diagrams 
may be seen from the example of the cuboctahedron (P7) shown in Figure 3.18. A circle 
with a number inside represents the identity number of each vertex whilst a dot is used to 
show which of the connecting edges is the handle. This dot is known as the ‘handle dot’ 
and lies in the position where an edge meets the circle containing the identity number at a 
vertex.
A-end B-end
Handle
Handle Dot 
(The dot indicates 
the edge that has 
the status o f  handle)
Handle of  
Vertex
Figure 3.18: Representation of handles on polyhedra diagrams (cuboctahedron)
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The diagram in Figure 3.18 shows that the two ends of the handle are termed the ‘A-end’ 
and the ‘B-end’. The A-end is the end of the handle which is at the vertex being 
considered and the B-end is the other vertex that the handle goes to. So, in the example of 
the cuboctahedron shown in Figure 3.18 the A-end of the handle for vertex 1 is at vertex 1 
and the B-end is at vertex 2. In the diagram of the cuboctahedron given in the appendix 
(reproduced in Figure 3.19) there is enough space for the information for the edges and 
vertices to be given on the same diagram. When the situation becomes more cluttered they 
are separated and separate diagrams are given for the edges and vertices. The full set of
diagrams for vertices, as well as faces and edges, may be found in Appendix III.
12
16
19
24
Figure 3.19: Identity numbers and handles for Cuboctahedron (P7)
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CHAPTER
Polymation Function
The two preceding chapters describe the polyhedra themselves, as well as their reference 
systems (coordinate and ordering systems). These two components are crucial when it 
comes to producing polyhedric configurations. The manner in which polyhedric config­
urations are created is explained in this chapter, giving appropriate examples where 
necessary. This includes selective polymation where groups of nodes may be selected to 
be mapped onto polyhedra of different radii. This technique may be used to produce 
double layer polyhedric configurations.
Other functions have been created which complement the polymation function. The two 
most important of these are the basiretian function and the antipolymation function. The 
basiretian function allows the set of polyhedra to be turned into a coordinate system for 
production of polyhedric configurations, as will be explained. The antipolymation 
function, as the name suggests, carries out polymation in reverse. This function in 
particular is very useful since it facilitates the mapping of polyhedra onto other polyhedra. 
Three further fimctions, namely the pod function, the mep function and the size function 
are also described within this chapter.
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4,1 Mapping on Faces o f  Polyhedra
Consider the configuration shown in Figure 4.1(a). This is a plane face-object lying in the 
x-y plane. It is a triangular configuration which has had some elements near one of the 
vertices removed. The face-object is specified by a formex relative to the standard x-y-z 
coordinate system. The intention is to map this object onto the top five faces of the 
icosahedron, shown in Figure 4.1(b), to produce the polyhedric configuration of Figure 
4.1(c). In order for all the faces to fit together exactly the position, orientation and scale 
of the face-object in its final mapped position must be determined.
(a) (b)
(c)
Figure 4.1 : Mapping onto faces of the icosahedron
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The five faces of the icosahedron are shown again in Figure 4.2(b), this time with the face 
identity numbers labelled and the baselines shown as solid bold lines. The A-end and B- 
end of each baseline has also been indicated on the diagram. The face numbers and the 
baselines have been identified using the procedures outlined in the previous chapter. They 
may be established either by using the rules given in Appendix II or the diagrams contained 
in Appendix III Shown in Figure 4.2(a) is the face-object again, with two associated 
points labelled the 'A-point' and the ‘B-point’. The A-point and B-point have x-y-z co-
B -end
A-end B aselin e
A-endB aselin eZ (upward)
F a ce  3\ A B-end F a ce  4
F a ce  2 B -end
F a ce  5 B aselin e
A-end
B aselin e F a ce  1 A-end
B-end
A-point (to be placed at the A-end of the baseline)
B-point (to be placed at the B-end of the baseline)
B-endA-end
B aselin e
B-point
A-point
B-point
B-point
A-point
A-point
B-point
A-point B-point
Figure 4.2: A-point and B-point of face-object
Oliver C Champion Page 81
Chapter 4: Polymation Function_______________________________________ PhD Thesis
ordinates which place them at two of the comers of the face-object. When the mapping 
takes place the A-point and B-point are positioned so that they are coincident with the A- 
end and B-end, respectively, of the baseline of each chosen face. The result of this may be 
seen in Figure 4.2(c) which shows the mapped configuration with the A-point and B-point 
of each mapped face-object labelled. These are in the same position as the A-end and fi­
end of the respective baselines.
The mechanics of how the mapping onto each face of the polyhedron takes place can be 
described in terms of the following stages:
1. A face-object is specified relative to the standard x-y-z coordinate system of the 
polyhedron. Two points associated with the face-object are specified by their x-y-z 
coordinates. These points are referred to as the A-point and B-point.
2. The face-object is scaled so that the distance between the A-point and B-point is equal 
to the edge length of the polyhedron (the distance from the A-end to the B-end of a 
baseline). In this scaling operation the same scaling factor is used in the x, y and z 
directions.
3. The ‘mapping plane’ is determined. The mapping plane is a plane of the face-object 
that is to coincide with the face of the polyhedron. The mapping plane contains the A- 
point and B-point of the face-object. In common instances where the A-point and B- 
point have equal z-coordinates (i.e. they lie in the same x-y plane) the mapping plane is 
taken to be the plane containing both points, parallel to the x-y plane. Other options for 
expressing the mapping plane may be used if desired and are discussed in the 
appropriate section (Section 4.1.3).
4. The face-object is subjected to a sequence of rigid-body movements (translations and 
rotations) such that the following conditions are satisfied:
• The A-point of the face-object is coincident with the A-end of the baseline of 
the face.
• The B-point of the face-object is coincident with the B-end of the baseline of 
the face.
• The mapping plane is coincident with the face.
• The direction that was initially the positive z direction of the face-object is
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pointing to the outside of the polyhedron. (This condition may change if 
alternative means of identifying the mapping plane are employed. See Section 
4.1.3).
The significance that the locations of the A-point and B-point have in the mapping 
procedure is illustrated in the example of Figure 4.3. In this example the same face-object 
is again to be mapped onto the top five faces of an icosahedron. However, as the plan 
view of the object shown in Figure 4.3(a) illustrates, the A-point and B-point have been 
relocated. The A-point is now where the B-point was previously, and the B-point is at the 
vertex near where some of the elements have been removed. The effect of this relocation 
of the A-point and B-point may be seen from the mapped configuration in Figure 4.3(b). 
The vertex of the face-object which has had some elements removed is now at the bottom 
right hand comer of each face on the icosahedron.
B-point
B-point 
(to be placed 
at the B-end of 
the baseline)Z (upward)
A-point 
(to be placed 
at the A-end of the baseline)
AAA/\AA/\A
A-pointA-point
B-point
A-point
A-point
B-point
B-point
B-point
A-point
(a) (b)
Figure 4.3: Effect of relocation of A-point and B-point
It is important to note that the A-point and B-point of the face-object need not be actual 
points of the face object. This point may be illustrated by the example in Figure 4.4. A 
face-object is shown in Figure 4.4(a), together with the A-point and B-point which are 
outside the boundaries of configuration. The dotted lines are included to indicate the 
positions of the A-point and B-point and demonstrate the portion of the face-object that
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will be coincident with the faces after the mapping has taken place. When mapped onto 
the top five faces of the icosahedron, the result is as shown in Figure 4.4(b), where the 
dashed lines indicate the edges of the icosahedron being mapped onto. It may be seen that 
parts of the polyhedric configuration produced are outside the boundaries of the faces of 
the polyhedron.
Z  (u pw ard ) 7 W \
B-point (to be placed 
at the B-end of the baseline)
A-point (to be placed 
at the A-end of the baseline) vvv
(a) (b)
Figure 4.4: A-point and B-point lie outside face-object boundaries
If the A-point and B-point of the same face-object are reversed in the x-direction and 
shifted in the y-direction, as in Figure 4.5(a), the effect is to rotate the mapped objects 
through 180°, as seen with the mapped configuration in Figure 4.5(b). The reason for this 
is that, when mapped, the A-point of the face-object must always be coincident with the A- 
end of the baseline, and the B-point of the face-object must be coincident with the B-end 
of the baseline. Again, part of the polyhedric configuration overflows the area of the faces 
of the icosahedron.
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B-point (to be placed 
at the B-end of
A-point (to be placed 
at the A-end ofthe baseline)the baseline)
Z (upward)
(a) (b)
Figure 4.5: Relocating of A-point and B-point 
4.1.1 Mapping o f Multiple Face-Objects
It is often desirable to map a range of face-objects onto a polyhedron, as the example in 
Figure 4.6 demonstrates. Shown in Figure 4.6(a) and (b) are two face-objects, with their 
respective A-points and B-points indicated. The first of these face-objects is a regular 
pentagonal configuration, subdivided into isosceles triangles, whilst the second is a config­
uration which has boundaries that form a trapezium. These two face-objects have been 
mapped onto the top six faces of the dodecahedron shown in Figure 4.6(c) to produce the 
polyhedric configuration shown in Figure 4.6(d). The first face-object, that of Figure 
4.6(a), has been mapped onto the top face (face 1) of the dodecahedron. The second face- 
object, that of Figure 4.6(b), has been mapped onto the next five faces (faces 2-6) of the 
dodecahedron. The face numbers of the dodecahedron may be obtained using the 
procedures outlined in Chapter 3.
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Z (upward)
A-point B-point
Z (upward)
A-point B-point
(a) (b)
Face 4Face 5
Face 1
Face 3
Face 6
Face 2
(C) (d)
Figure 4.6: Mapping of more than one face-object
The use of more than one face-object is particularly important for mapping onto the faces 
of Archimedean polyhedra, which have more than one shape of face. Illustrated in Figure 
4.7(a) to (c) are three face-objects, each of which have an associated A-point and B-point 
as shown. The first configuration is an equilateral triangle in overall shape, the second is a 
square, and the third is an isosceles triangle in which one of the angles is a right angle. 
These face-objects are to be mapped onto the faces of the cuboctahedron shown in Figure 
4.7(d). The face numbers 1-4 and 9-11, which are shown in the figure, have again been 
found using the procedures outlined in Chapter 3. The polyhedric configuration of Figure
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4.7(e) has been produced by mapping the face-object of Figure 4.7(a) on faces 1-4, the 
face-object of Figure 4.7(b) onto face 9 and the face-object of Figure 4.7(c) onto faces 10 
and 11. Care has been taken in the selection of the A-point and B-point of the face-object 
shown in Figure 4.7(c) to ensure that the configuration is oriented as desired after 
mapping.
z (upward)
A-point
Z  (upw ard)
A-poInt B-point B-pointA-point
(a) (b) (c)
Face 3
Face 9Face 4
Face 2
Face 1
Face 10 Face 11
(d) (e)
Figure 4.7: Mapping of face-objects onto cuboctahedron
These two examples demonstrate the flexibility available when mapping onto the faces of 
polyhedra. They also show the amount of care that needs to be taken to ensure that the 
objects are mapped in the intended way.
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4.1.2 Mapping o f Three-Dimensional Face-Objects
Each of the above examples involving mapping onto faces uses a plane configuration as 
the face-object. As the example in Figure 4.8 shows the face-object can also be three- 
dimensional. In the example, the configuration shown in Figure 4.8(a) is mapped onto the 
upper five faces of an icosahedron to produce the polyhedric configuration shown in 
Figure 4.8(b). The isometric view of the face-object in Figure 4.8(a) shows it to be 
composed of nodes that have three different z values. The hidden lines are shown as 
dashed lines to aid viewing of the object. The A-point and B-point are also indicated and 
may be seen to be at two of the lower corners of the configuration. As with the plane 
configurations the mapped object is scaled equally in all three directions, so the relative 
proportions of the object do not change. In the view of the polyhedric configuration the 
hidden lines have been removed in order to facilitate viewing of the object.
'A-point
B-point
(a) (b)
Figure 4.8: Mapping of three-dimensional face-object
Another example of mapping a three-dimensional face-object onto a polyhedron is shown 
in Figure 4.9. In this instance the face-object is a double layer grid, which is illustrated in 
Figure 4.9(a), showing the positions of the A-point and B-point which are on the upper 
layer. The edges of the grid have been designed so that when mapping takes place onto 
the faces of an icosahedron the bottom chords meet up without gaps. To achieve this the 
angle between the edges of the top and bottom layers of the grid is equal to the mitre
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angle. The concept of the mitre angle was mentioned briefly in Chapter 3, and its 
significance can be seen from the diagram in Figure 4.9(b). This is a section taken through 
the face-object parallel to the y-z plane. It should be noted that the mitre angle is always 
taken perpendicular to the edge of the polyhedron. The general equation for the value of
A-point
B-point
X (upward)
A-point and B-pointK
Mitre angie
(a) (b)
(c)
Figure 4.9: Mapping of double layer grid
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the mitre angle in relation to the edges of face-objects is as follows:
mitre angle -  acos—
where Ri is the radius of insphere 
and Rt is the radius of intersphere
The double layer grid has been mapped onto the upper five faces of an icosahedron to 
produce the configuration shown in Figure 4.9(c). In each figure the upper layer of the 
grid is shown as a thicker line to facilitate viewing of the object.
Mapping of double layer grids in this manner is a convenient method for producing double 
layer polyhedric configurations. The geometric proportions of the face-object remain 
unchanged during the mapping process, the face-object having been scaled equally in all 
three directions. This contrasts with the approach of ‘selective polymation" which is an 
alternative technique for the production of multiple layer polyhedric configurations. 
Selective polymation is explained later in this chapter.
4.1.3 The Mapping Plane
The mapping plane of each face-object used in the above examples is parallel to the x-y 
plane. This is the most common specification of the mapping plane and is the case 
considered in the step-by-step guide to how objects are mapped. However, there is no 
compulsion to have a mapping plane parallel to x-y plane, as the example below shows.
Illustrated in Figure 4.10(a) is a plane square grid which is a face-object lying in three- 
dimensional space. The grid is shown in relation to the Cartesian x-y-z coordinates which 
show that it is not parallel to any of the axes. The A-point and B-point of the face-object 
are coincident with two of the comers of the object, as shown in Figure 4.10(a). These 
two points have different z coordinates, so there is no way that the mapping plane (which 
must contain both the A-point and the B-point) could be parallel to the x-y plane. Instead,
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A-point 
(to be placed 
at the A-end of 
the baseline)
B-point 
(to be placed 
at the B-end of 
the baseline)
+ Z
r  Line perpendicular 
to line passing  
t r -  through A-poInt 
and B-point 
- All z  coords are equal
B-poIntA-point
(a) 00
\/ Mapping plane
Face 1
A-end
Baseline
B-end
\ ^ /  Face 3
Face 2 B -endA-end
Baseline Baseline
B-end
A-end
(d) (e)
Figure 4.10: Mapping plane of face-object not parallel to x-y plane
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the mapping plane is chosen to be 'the plane that contains the A-point and B-point and 
makes the smallest angle with the x-y plane To elaborate, there are an infinite number of 
planes that contain the A-point and B-point. Each of these planes also contains a line 
perpendicular to the line joining the A-point and B-point. However, in the case of the 
plane that makes the smallest angle with the x-y plane this perpendicular line has a constant 
z-value. An example of such a line is illustrated in Figure 4.10(b)
The mapping plane of the face-object, shaded in Figure 4.10(c), is actually coplanar with 
the object in this case. This is because the face-object lies in the plane containing the A- 
point and B-point which makes the smallest angle with the x-y plane. When mapped onto 
the three faces of the cube illustrated in Figure 4.10(d), the object lies in the plane of each 
face, as shown in Figure 4.10(e). As usual, the A-point and B-point of the face-object are 
now coincident with the A-end and B-end, respectively, of each face mapped onto. Also, 
the direction that was initially the positive z direction of the face-object is pointing to the 
outside of the polyhedron.
In situations where the A-point and B-point have identical x- and y-coordinates, but 
different z-coordinates, all planes which contain the A-point and B-point will be at right 
angles to the x-y plane. In cases such as these the mapping plane is taken to be the plane 
that contains the A-point and the B-point and is parallel to the x-z plane. After mapping 
has taken place the direction that was initially the positive y direction of the face-object is 
pointing to the outside of the polyhedron. This is a necessary alteration since the z-axis, in 
situations such as these, lies in the mapping plane.
An alternative method for the specification of the mapping plane is the nomination of a 
third point, known as the ‘C-point’. When a C-point is designated the mapping plane is 
taken to be the plane which contains the A-point, the B-point and the C-point. There is 
only one such plane, so no ambiguity is involved. The C-point is different from the A- 
point and B-point in that it does not affect the scaling of the face-object. Shown in Figure 
4.11 is an example of mapping onto an icosahedron where the mapping plane is 
determined using a C-point.
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The face-object, illustrated in Figure 4.11(a) is a plane grid which is at no convenient 
position in space. Shown with the face-object are the A-point, B-point and C-point. The 
A-point and B-point are coincident with two of the comers of the configuration, whilst the 
C-point is outside the boundaries of the object. The C-point is however in the same plane 
as the face-object. The mapping plane is determined as the plane containing the three 
points, and is shown shaded in Figure 4.11(b). Since each of the A-point, B-point and C- 
point are in the same plane as the face-object, the mapping plane also contains the face- 
object. The mapping procedure then continues as before. The face-object is thus scaled 
equally in all three directions so that the distance between the A-point and B-point is equal 
to the edge length of the polyhedron. The face-object is then positioned so that the
Mapping plane (contains A-point, B-point & C-point)
C-point (used with A-point and B-point to define mapping plane)
B-point 
(to be placed 
at the B-end of 
the baseline)A-point (to be placed 
at the A-end of the baseline)
(b)
Face 1
Baseline
A-end
(c)
B-end
C-point lies 
in plane of ^06
(d)
Figure 4.11: Mapping plane defined using C-point
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A-point and B-point are coincident with the A-end and B-end, respectively, of the baseline 
of each nominated face. The face-object is oriented so that the mapping plane is 
coincident with the faces of the polyhedron. In the example it may be seen that after 
mapping onto the designated face of the icosahedron shown in Figure 4.11(c) the face- 
object is in the position shown in Figure 4.11(d).
The position of the C-point in Figure 4.11(d) is important since it determines which way 
the mapping plane coincides with the plane of the face. This point may be explained 
further by using a view perpendicular to the face being mapped on, as in Figure 4.12(a). In 
this figure the baseline has been extended beyond the boundaries of the face (Face 1). The 
face of the polyhedron itself lies entirely to one side of this line. When the face-object is 
mapped onto this face the positions of the A-point, B-point and C-point are as shown in 
Figure 4.12(b). The C-point is coincident with the plane of the face, but is also located the 
same side of the baseline as the face itself Thus the C-point will always lie in the shaded 
area (but must not be colinear with the A-point and B-point).
I* -  fiiuv
ofbasaKn#
Extended baseline of face 1
Face 1
A-end A-point
B-end B-point /
(b)
Figure 4.12: Perpendicular view of face showing significance of C-point
The positioning of the C-point may be used to change the orientation of mapped objects. 
For example, consider the face-object shown in Figure 4.13(a) with its A-point and B- 
point. The face-object lies in the x-y plane, and when mapped onto the top five faces of an 
icosahedron produces the configuration shown in Figure 4.13(b). However, if the same 
face-object is specified with the same A-point and B-point, but also a C-point in the
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appropriate position, a change takes place. This is the case in Figure 4.13(c), where the 
position of the C-point in relation to the face-object is shown. The resultant polyhedric 
configuration appears in Figure 4.13(d). It may be seen that the mapped objects have been 
rotated 180° about an axis running concurrently with the baseline of each face. In both of 
the diagrams of the polyhedric configurations the locations of the A-points, B-points and 
C-points are shown as dots.
Z (upward) zszx
A-point \  (to be placed \  at the A-end of the baseline)
B-point (to be placed at the B-end of the baseline)
(a) (b)
Z (upward)
/A-point (to be placed at the A-end of the baseline)
B-point (to be placed at the B-end of the baseline)
C-point (to be placed the same side of the baseline as the face itself)
(C) (d)
Figure 4.13: Using the C-point to change orientation of mapped objects
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In the first case no C-point has been specified, so the direction that was initially the 
positive z direction of the face-object is pointing to the outside of the polyhedron. In the 
second case a C-point has been used. When the face-object is mapped it is oriented so that 
the C-point is the same side of the baseline as the face itself, hence the change of 
orientation. The C-point actually coincides with the vertex of the polyhedron for each 
mapped face-object in this instance.
In the above examples involving use of a C-point, the position of the C-point in each case 
is such that the mapping plane coincides with the plane of the face-object. This does not 
need to be the case though, as the example shown in Figure 4.14 illustrates. The face- 
object used for mapping is shown in Figure 4.14(a). This configuration lies in the x-y 
plane, with the A-point and B-point coincident with two of the comers. The position of 
the C-point is not in the x-y plane since the z value is not zero (it is actually negative). 
This point is emphasised by the section through the face-object shown in Figure 4.14(b), 
which illustrates the relative positions of the A-point, B-point and C-point. A section 
through the mapping plane (which contains the A-point, B-point and C-point) may also be 
seen in this figure. After mapping onto the five faces of the icosahedron shown in Figure 
4.14(c) the polyhedric configuration of Figure 4.14(d) is produced. The effect of having a 
C-point out of plane with the face-object may be seen. The A-point and B-point of the
z +
C-pomtA-point (to be placed 
at the A-end of 
the baseline)
B-point 
(to be placed 
at the B-end of 
the baseline)
(used to determine 
mapping plane)
Z
A-point and B-point
Face-object
C-point
Mapping plane
(a) (b)
Figure 4.14 (part i): C-point lies out of the plane of the face-object
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(C) (d)
Figure 4.14 (part ii): C-point lies out of the plane of the face-object
face-object are coincident with the A-ends and B-ends of the baselines. However, since 
the plane of the face-object is not coincident with the mapping plane, the face-object does 
not coincide with the faces of the icosahedron after mapping. In fact, the face-objects are 
angled up slightly. The edges of the icosahedron are shown in dashed lines to help indicate 
this.
The example detailed in Figure 4.15 reinforces the point that the mapping plane need not 
have any direct connection to the face-object. The face-object shown in Figure 4.15(a) has 
been mapped onto the top four faces of the octahedron illustrated in Figure 4.15(b) to 
produce the polyhedric configuration shown in Figure 4.15(c). The A-point, B-point and 
C-point of the face-object are also shown in Figure 4.15(a), where it may be seen that they 
have no particular relationship with the configuration of the face-object. In the resultant 
polyhedric configuration none of the mapped objects connect with each other, all being in 
their own position in space. The locations of the A-point, B-point and C-point determine 
the scale and position of the objects after mapping. The faces of the octahedron that have 
been mapped onto are indicated in Figure 4.15(c) by dashed lines.
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B-point(to be placed at the B-end of the baseline)
A-point (to be placed at the A-end of the baseline)X
C-point (used to determine mapping plane)
(a) (b)
(c)
Figure 4.15: Mapping of a face-object onto an octahedron 
4,2 Mapping on Edges o f Polyhedra
Mapping configurations onto the edges of polyhedra opens up a vast new range of 
possibilities for the creation of polyhedric configurations. An example of mapping onto 
the edges of a cuboctahedron is shown in Figure 4.16, where the edge-object shown in 
Figure 4.16(a) is mapped onto some edges of a cuboctahedron. The edge-object is a plane 
configuration which lies in the x-y plane. It is specified by a formex relative to the x-y-z
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coordinate system. After mapping onto the upper twelve edges of the cuboctahedron 
shown in Figure 4.16(b), the polyhedric configuration of Figure 4.16(c) is produced. In 
order for the edges to meet at the vertices the position, orientation and scale of the edge- 
object in its final mapped position must be determined.
I I I I I
(a) (b) (c)
Figure 4.16: Mapping onto edges of the cuboctahedron
The cuboctahedron that is being used as the basis for mapping is shown again in Figure 
4.17(b). The edges that are to be mapped onto are illustrated as bold lines, and are 
numbered. In addition, the A-end and B-end of edge 5 have been indicated on the 
diagram. The identification of the edge numbers and locations of the A-end and B-end has 
been carried out using the procedures outlined in the previous chapter. They may be 
established either by using the rules given in Appendix II or the diagrams contained in 
Appendix III. Shown in Figure 4.17(a) is the edge-object again, with two associated 
points labelled the ‘A-point’ and the ‘B-point’. The A-point and B-point have x-y-z 
coordinates which place them at either end of the edge-object. When the mapping takes 
place the A-point and B-point are positioned so that they are coincident with the A-end 
and B-end, respectively, of each chosen edge. The result of this may be seen in Figure 
4.17(c) which shows the mapped configuration and the A-point and B-point of the edge- 
object mapped onto edge 5. These are in the same position as the A-end and B-end of that 
edge. This process is the same for each edge mapped onto.
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Aijoinl (to be placed at the A-end of the edge)
Z (upward)
(a)
\
B-point (to be placed attfie B-end of the edge)
Edge 11
Edge 9
Edge 10
Edge 8
Edge 7
(b)
A-point
Edges
B-point
(c)
Figure 4.17: A-point and B-point of edge-object
The mechanics of how the mapping onto each edge of the polyhedron takes place can be
described in terms of the following stages:
1. An edge-object is specified relative to the standard x-y-z coordinate system of the 
polyhedron. Two points associated with the edge-object are specified by their x-y-z 
coordinates. These points are referred to as the A-point and B-point.
2. The edge-object is scaled so that the distance between the A-point and B-point is equal 
to the edge length of the polyhedron. In this scaling operation the same scaling factor is 
used in the x, y and z directions.
3. The ‘mapping plane’ is determined. The mapping plane is a plane of the object that is 
to lie tangentially to the intersphere of a polyhedron after mapping. The mapping plane
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contains the A-point and B-point of the edge-object. In common instances where the 
A-point and B-point have equal z-coordinates (i.e. they lie in the same x-y plane) the 
mapping plane is taken to be the plane containing both points, parallel to the x-y plane. 
Other options for expressing the mapping plane are similar to those available for face 
mapping (Section 4.1.3), the implications of which are discussed below.
4. The edge-object is subjected to a sequence of rigid-body movements (translations and 
rotations) such that the following conditions are satisfied:
• The A-point of the edge-object is coincident with the A-end of the edge.
• The B-point of the edge-object is coincident with the B-end of the edge.
• The mapping plane lies tangentially to the intersphere of the polyhedron.
• The direction that was initially the positive z direction of the edge-object is 
pointing to the outside of the polyhedron. (As with face mapping, this condition 
may change if alternative means of identifying the mapping plane are employed).
There are follow-on implications to the fact that, after mapping, the mapping plane is 
tangent to the intersphere of the polyhedron being mapped onto. Shown in Figure 4.18 is 
a section taken through four edges of an octahedron. In the diagram may be seen the
Plane that contains 
- edge 1 and Is tangential to inter­
sphere of octahedron
Edge 3
'  Intersphere 
of octahedron Edge1
Centre of 
octahedron
Edge 9Edge 11
Figure 4.18: Relationship between mapping plane and radius of intersphere
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intersphere of the polyhedron which touches each edge at its centre point. One of the 
edges of the octahedron is labelled edge 1. The plane that is tangential to the intersphere 
for edge 1 is shown and labelled and, since this plane is shown in section, it appears as a 
line. When mapping takes place onto edge 1, the mapping plane is coincident with this 
plane. A line from the centre of the polyhedron to the midpoint of this edge will meet the 
plane at right angles. A line such as this for edge 1 is shown in the diagram.
A consequence of these facts is that a plane containing the A-point and B-point of the 
edge-object, perpendicular to the mapping plane, will pass through the centre of the 
polyhedron. Shown in Figure 4.19(a) is a Vierendeel girder which lies in the x-z plane. 
The A-point and B-point of the edge-object have equal z values which means that the 
mapping plane is parallel to the x-y plane. When mapped onto the edges of a polyhedron, 
as in Figure 4.19(b), the girder lies in a plane which contains both the edge being mapped 
onto and the contrepoint of the polyhedron. The reason for this is that the edge-object lies 
in a plane perpendicular to the mapping plane (the x-y plane). The polyhedron used for 
this mapping example is the hexagonal prism. The ends of the girder are angled such that 
both the top and bottom chords meet without gaps at the vertices of the polyhedron. This 
is achieved by making the angle at the ends of the girder equal to the ‘mitre angle’, which 
was discussed briefly in the last chapter and also in relation to face mapping. For edges
A-poInt B-point
7
E dge-object
Milre angle *
(b)
Figure 4.19 (part i): Mapping of a girder onto the edges of polyhedra
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A-point
Mitre angle
B-point
E dge-object
(C) (d)
* Mitre angle = asin(L/2Rc) 
where L is the edge length of the polyhedron and Rc is its radius of circumsphere
Figure 4.19 (part ii): Mapping of a truss onto the edges of polyhedra
the value of the mitre angle is as shown in the diagram, its value varying according to 
which polyhedron is being mapped onto. Consequently, the mitre angle for the edge- 
object used for mapping onto a truncated octahedron, shown for the plane truss of Figure 
4.19(c), is different to that for the hexagonal prism. The result of the mapping is shown in 
Figure 4.19(d).
4.2.1 Mapping o f Different Edge-Objects
Similar to mapping onto faces, it is often desirable to map different edge-objects onto 
different groups of edges of a polyhedron. However, unlike face objects (where, for 
example, the cuboctahedron is comprised of triangular and square faces), all edges of a 
particular polyhedron are identical. (This is true for all the polyhedra considered in this 
work.) An example of mapping different edge-objects onto a selection of edges of a 
truncated tetrahedron is shown in Figure 4.20. The two edge-objects that are to be 
mapped are shown in Figure 4.20(a) and (b). The first of these is a symmetrical girder 
lying in the x-z plane, which has had each end mitred to the appropriate angle. The second
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edge-object is a girder which at one end is also mitred in a similar way. The other end 
comes to a single point, which will represent a support node of a space structure after 
mapping. The A-point and B-point of each of the edge-objects are indicated in the 
diagrams. Shown in Figure 4.20(c) is a view of the top six edges of the truncated 
tetrahedron, with the A-end and B-end of the three lower edges labelled. The polyhedric 
configuration created by mapping of the edge-objects is shown in Figure 4.20(d). This has 
been produced by mapping the edge-object of Figure 4.20(a) onto edges 1-3 and the edge- 
object of Figure 4.20(b) onto edges 4-6.
K
A-point
\
E dge-object
Mitre angle
B-pointX .7
A-point B-point
\  E dge-object
^  Mitre angle
(a) (b)
A-end 
Edge 5 
s. ^  B-end
Edge 3
Edge 2A-end
Edge 6
Edge1
B-end A-end
Edge 4
B-end
\
(C) (d)
Figure 4.20: Mapping of more than one edge-object
The A-points and B-points of the edge-objects are coincident with the A-ends and B-ends 
of the edges of the polyhedron. As with mapping onto faces it is often the case that either 
the A-point or the B-point, or both, is outside the boundaries of the configuration being
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mapped. In this case, the B-point of the second edge-object lies outside the boundaries of 
the edge-object. The effect of this is seen in the mapped configuration of Figure 4.20(d) 
where the edges of the truncated tetrahedron being mapped onto are shown in dashed 
lines.
4.2.2 Mapping o f Three-Dimensional Edge-Objects
Similar to face mapping, three-dimensional objects may be used for mapping onto edges of 
polyhedra. This fact is illustrated by the example in Figure 4.21, where a three- 
dimensional member with a square cross-section is used as the edge-object. A view of this 
edge-object is shown in Figure 4.21(a), together with the A-point and B-point. Hidden 
lines of the object are shown as dashed lines. The polyhedric configuration created by 
mapping this edge-object onto the top 10 edges of an icosahedron is shown in Figure 
4.21(b). In this diagram hidden lines are not shown, to aid viewing of the configuration. 
When the object is mapped onto the edges it is scaled equally in all three directions, so the 
relative proportions of the object do not change.
A-point/
B-point
(a) (b)
Figure 4.21: Mapping of three-dimensional edge-object
If the three-dimensional edge-object is a space truss, polyhedric configurations such as 
those shown in Figure 4.22 can be produced. Illustrated in Figure 4.22(a) is a space truss, 
together with an A-point and a B-point, relative to the x-y-z coordinate system. The ends
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of the truss have been configured so that when the truss is mapped onto the edges of a 
cube the upper and lower chords will meet up without gaps. This is another version of 
mitring, but the mitre angle will not be the same as for plane configurations. The 
polyhedric configuration produced by mapping this edge-object onto all the edges of a 
cube is shown in Figure 4.22(b). A further example of mapping a space truss onto the 
edges of a polyhedron is the placing of the edge-object of Figure 4.22(c) onto the top 
twenty edges of a dodecahedron. The polyhedric configuration produced is shown in 
Figure 4.22(d). The proportions of the edge-object used have again been set so that the 
upper and lower chords meet without gaps.
B-point
A-point
(a) (b)
A-point
B-point
(c) (d)
Figure 4.22: Mapping of space trusses onto edges of cube and dodecahedron
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4.2.3 The Mapping Plane in Relation to Edges
Specification of the mapping plane is carried out in an identical fashion for edges as for 
faces. This means that the mapping plane may be defined by using three points. An 
example of this is shown in Figure 4.23, where a plane truss is mapped onto some edges of 
an octahedron. Figures 4.23(a) and (c) show the same view of the truss, with the common 
A-point and B-point. However, the C-point for the edge-object shown in Figure 4.23(a) is 
on the other side of the truss compared with the edge-object shown in Figure 4.23(c). The 
effect that this has on the polyhedric configurations produced, may be seen from the two 
diagrams. Figures 4.23(b) and (d), which relate to the edge-objects in Figures 4.23(a) and
(c), respectively. The mapped objects are twisted on an axis running through the A-point 
and B-point by 180° relative to each other.
Mapping plane 
(contains A-point. 
B-point & C-point)
C-P<wtt
(a) (b)
Mapping planeScontains A-point,I-point & C-point)
(c) (d)
Figure 4.23: Mapping-plane defined by three points
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The mapping plane, which is shaded in the figures, is identical in each case. When 
mapping takes place, this plane lies tangential to the intersphere of the polyhedron, in the 
usual way. The plane containing the truss therefore passes through the centre of the poly­
hedron. It is the position of the C-point in the mapping plane which is important. When 
the polyhedron is viewed from the outside, the rotational direction A-B-C is always 
anticlockwise, which causes the rotation of the edge-object as described above. In Figure 
4.24 the octahedron from the previous figure is shown again twice. In these two diagrams 
the edge-objects of Figures 4.23(a) and (c) have been mapped onto just one edge to show 
the position of the A-point, B-point and C-point after mapping.
A-point A-B-C go in 
anficlockwise 
direction around triangle
A-point A-B-C go in 
antidoc* wise 
direction around 
triangle
C-pointC-point
B-point B-point
(a) (b)
Figure 4.24: Position of C-point after mapping onto an edge
There is no requirement that the A-point, B-point or C-point are in any way connected 
with the edge-object. This may be seen from the example in Figure 4.25 where an object is 
mapped onto some edges of a tetrahedron. The edge-object is shown in Figure 4.25(a) 
together with the A-point, B-point and C-point. It may be seen that the edge-object 
consists of two configurations which are not connected. When mapped onto the upper 
three edges of the tetrahedron shown in Figure 4.25(b) the polyhedric configuration of 
Figure 4.25(c) is produced. The original edges of the tetrahedron are shown in dashed 
lines on this diagram. The polyhedric configuration consists of a number of non-connected 
elements that are united in the fact that they are all based on the same polyhedron.
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A-point
(to be placed  
at the A-end 
of edge) C-point 
(used to determine 
mapping plane)
B-point 
(to b e placed  
at the B-end  
of edge)
X
(a) (b)
(c)
Figure 4.25: Mapping of an edge-object onto a tetrahedron 
4.3 Mapping on Vertices o f Polyhedra
Mapping configurations onto the vertices of polyhedra opens up another range of possible 
configurations. An example of mapping onto the vertices of a cuboctahedron is shown in 
Figure 4.26, where the vertex-object shown in Figure 4.26(a) is mapped onto eight
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vertices of a cuboctahedron. The vertex-object is specified by a formex relative to the x-y- 
z coordinate system. After mapping onto the vertices of the cuboctahedron shown in 
Figure 4.26(b), the polyhedric configuration of Figure 4.26(c) is produced. In order that 
the vertices are correctly located the position, orientation and scale of the vertex-object in 
its final mapped position must be determined.
(a) (b) (c)
Figure 4.26: Mapping onto vertices of the cuboctahedron
Shown in Figure 4.27(a) is the vertex-object again. This time it is shown with two 
associated points, termed the A-point and B-point. The B-point lies outside the 
boundaries of the object and is connected to the A-point via a dashed line. The concept of 
the handle in relation to the vertices of polyhedra was introduced in the previous chapter. 
For every vertex, one of the connecting edges is designated the handle. The vertex end of 
the handle is referred to as the A-end and the other end is referred to as the B-end. Shown 
in Figure 4.27(b) is the cuboctahedron again, with each vertex number indicated along 
with the appropriate handle. For example, ‘handle 1’ signifies the handle for vertex 1, and 
so on. For vertex number 1 the A-end and B-end of the handle are also indicated. The 
vertex identity numbers, and the extra information for vertex 1, have been found using the 
procedures outlined in the previous chapter. They may be established either by using the 
rules given in Appendix II or the diagrams contained in Appendix III. When the vertex- 
object is mapped onto each vertex, the A-point and B-point of the vertex-object become 
coincident with the A-end and B-end of the handle of each vertex. The polyhedric
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configuration produced by this may be seen in Figure 4.27(c), which also shows the 
positions of the A-point and B-point of the vertex-object after mapping for vertex 1, The 
dashed line shown with the vertex-object in Figure 4.27(a) is now coincident with the 
handle of each vertex mapped onto.
A-point 
(to be placed 
at the A-end of 
the handle)
B-point 
(to be placed 
at tite B-end of 
the handle)
Vertex 3Vertex 4 Handle 3
Handle 2
riHandle 1 y  
■V. A-end
\\ Handle 4
Vertex 2B-^d
Handle 8
Handle 1 Handle 6
Vertex 1Vertex 7 Vertex 6
Handle 5
Vertex 5
Vertex 8
(a) (b)
B-point
X .A-point \
Vertex 1
(c)
Figure 4.27; A-point and B-point of handle of vertex-object
A further example of vertex mapping is shown in Figure 4.28 where another vertex-object 
is mapped onto every vertex of a icosahedron. The vertex-object is shown in Figure 
4.28(a) and the polyhedric configuration created is shown in Figure 4.28(b). The edges of 
the icosahedron are shown in dashed lines to aid viewing.
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A-point 
(to b e  placed  
at the A-end of
B-point
at the B-end o f  
the handle)the handle)
(b)(a)
Figure 4.28: Mapping onto vertices of an icosahedron
With one important difference, which is discussed below, the process of mapping a vertex- 
object is identical to the procedure for mapping an edge-object. To elaborate, if a vertex- 
object is to be mapped on a vertex of a polyhedron, then the procedure followed will be as 
though the vertex-object is an edge-object that is to be mapped on the edge which is the 
handle of the vertex.
In each of the mapping cases examined so far, involving mapping onto faces, edges and 
vertices, the object being mapped has been subject to rigid-body movements (translations 
and rotations) and simple scaling. However, in the case of vertex mapping for two of the 
Archimedean polyhedra an additional reflection operation is sometimes required. The 
reason for this is that the vertices of P l l  (great rhombicuboctahedron) and P18 (great 
rhombicosidodecahedron) are oppositely congruent rather than directly congruent as the 
other 18 Platonic and Archimedean polyhedra are. This was explained in Chapter 2 with 
reference to the vertex figures of the polyhedra.
The consequences of this may be seen from the example in Figure 4.29. Here, the vertex 
object shown in Figure 4.29(a) is to be mapped onto the selection of vertices of the great 
rhombicuboctahedron (P ll)  shown in Figure 4.29(c). However, because every other 
vertex of the polyhedron is oppositely congruent (those vertices marked with a hollow 
circle), a reflection of the vertex-object must take place. The reflection of the original
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vertex-object, shown in Figure 4.29(b), is used for mapping onto those vertices denoted by 
the hollow circle. So, although only one vertex object has actually been specified, two 
vertex objects, which are the reflections of each other, are used for mapping. The result of 
the mapping is the polyhedric configuration of Figure 4.29(d) which shows how the 
reflected and unreflected vertex-objects complement each other. For both P l l  (the great
B-point 
(to be placed at the B-end of the handle)
A-point 
(to be placed at the A-end of the handle)
Vertex-object for 
vertices directly congruent to vertex 1
(a)
A-point 
(to be placed at the A-end of the handle)
B-point (to be placed 
at the B-end of the handle)
\Vertex-object for vertices oppositely congruent to vertex 1
(b)
Vertex 1 0  Vertex directly
congruent to vertex 1
C) Vertex oppositely
^ n n n n i A n f  v /ek p fA % / 4
(c)
(d)
Figure 4.29: Mapping onto vertices of P l l  (great rhombicuboctahedron)
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rhombicuboctahedron) and P18 (the great rhombicosidodecahedron) vertex 1 represents 
the reference vertex. This means that all vertex-objects mapped onto vertices directly 
congruent to vertex 1 will not be reflected. Conversely, all vertex-objects mapped onto 
vertices oppositely congruent to vertex 1 will be reflected.
For isomers, further complications arise due to the fact that some vertices are not 
congruent at all with others (either directly or oppositely). However, no special 
transformations of the vertex-objects are carried out to deal with this. Instead, it is left to 
the user to map the appropriate vertex objects onto the appropriate vertices. This may be 
compared to the situation of mapping onto the faces of an Archimedean polyhedron 
where, for example, a triangular pattern may be mapped onto some faces of a 
cuboctahedron, and a square pattern onto others. In cases such as these more than one 
polymation operation would be required.
4.4 Polymation Function
The polymation function is the means through which all of the concepts described above 
are implemented. The function is used to map configurations onto the faces, edges and 
vertices of the twenty Platonic and Archimedean polyhedra, their isomers and an infinite 
range of prisms and antiprisms. Explained below is how the function is employed in 
different situations, giving details of the various codes that are required for the range of 
polyhedra and their entities.
Consider the configuration shown in Figure 4.30(a) which is a plane face-object lying in 
the x-y plane. The configuration is made up of individual triangular sections, each of 
which has an edge length of 2 units to give the face-object the overall dimensions shown. 
The A-point and B-point are also indicated and have the x-y coordinates shown. Both the 
A-point and B-point have a z coordinate of 0. This face-object is to be mapped using the 
polymation function onto the top five faces (numbers 1 to 5) of the icosahedron shown in 
Figure 4.30(b). The radius of circumsphere of the icosahedron is indicated on the diagram, 
and is shown to be equal to 10 units.
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12 units
^  A-point x-y 
coords are (0,0) B-point x-y coords are (12,0)
Face 3Face 4
/  Face 2■^SSLRc = io
Face 5
Face 1
(a) (b)
(c)
Figure 4.30: Mapping of configuration using polymation function
The polyhedric configuration produced by use of the polymation function is shown in 
Figure 4.30(c). In this example the face-object is represented by the formex ‘face’, whilst 
‘whole’ is a formex representing the resultant polyhedric configuration. The mapping may 
be achieved using the polymation function, employing a statement similar to that shown in 
Figure 4.31, where each of the items are labelled.
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Operation code 
(1 =face mapping)
Mapped \  Polyhedron code Formex to
formex \  (5=icosahedron) be mapped\  \ /  Iwhole=pol(1,5,'[1 -5]',10,[0,0;12,0])|face
Entity list 1 Locator
Polymation function Radius specifier name
Figure 4.31 : Polymation function
The word ‘poF is an abbreviation for polymation and is used to designate the function. 
The first parameter within the parentheses of the function is the ‘operation code’ which 
has a value of 1, indicating that mapping is to take place onto faces. Following this is the 
‘polyhedron code’, with a value of 5, which means that the polyhedron to be used as the 
basis for the mapping is the icosahedron. The string ‘[1-5]’ which follows these two items 
is the ‘entity list’ which indicates that the configuration will be mapped on face numbers 1 
to 5. The next item is termed the ‘radius specifier’ and indicates the radius of 
circumsphere of the polyhedron being mapped onto. In this case the circumradius has a 
value of 10 units. The final item within the parentheses is known as the ‘locator’. This is a 
formex which gives information about the A-point and B-point of the object being mapped 
(and also the C-point if one is employed). In this instance the A-point and B-point have x- 
y coordinates of (0,0) and (12,0), respectively.
4.5 Polymation Parameters
The parameters enclosed within the parentheses determine how a configuration is mapped. 
In general, there are five items enclosed within the function parentheses. This is the 
number required in each of the cases of mapping onto a polyhedron mentioned so far in 
this chapter. Situations where different numbers of items are required will be introduced in 
due course. There follows a full description of each of the items, indicating the form they 
may take. In addition, a brief summary of what is allowable in terms of the argument is 
included.
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4.5.1 Operation Code
The operation code is the first item within the parentheses and is used to indicate whether 
an object is to be mapped onto the faces, edges or vertices of the chosen polyhedron. 
Table 4.1 shows that there are three values that the operation code may take, 
corresponding with the three mapping alternatives. The operation code must be one of 
these three integer values, or an expression whose value is one of these.
Operation code Mapping takes place onto
1 Faces
2 Edges
3 Vertices
Table 4.1 : Operation code values
4.5.2 Polyhedron Code
The second item in parentheses of a polymation fimction is the polyhedron code that 
indicates which of the polyhedra is to provide the basis for the mapping (only one may be 
used in each operation). The codes are as discussed in Chapter 2 where the full set of 
Platonic and Archimedean polyhedra, their isomers, and the prisms and antiprisms were 
introduced. The code is the number which comes after the P in the P-name of a 
polyhedron. The polyhedron code is an integer (or an expression whose value is an 
integer) which must correspond with one of the polyhedra. The polyhedron codes for the 
Platonic polyhedra are given in Table 4.2 and those for Archimedean polyhedra are 
contained in Table 4.3.
Polyhedron code Represents mapping onto
1 Tetrahedron
2 Cube (hexahedron)
3 Octahedron
4 Dodecahedron
5 Icosahedron
Table 4.2: Polyhedron codes for Platonic polyhedra
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Polyhedron code Represents mapping onto
6 Truncated tetrahedron
7 Cuboctahedron
8 Truncated cube
9 Truncated octahedron
10 Small Rhombicuboctahedron
11 Great Rhombicuboctahedron
12 Icosidodecahedron
13 Truncated dodecahedron
14 Truncated icosahedron
15 Left snub cube
16 Right snub cube
17 Small Rhombicosidodecahedron
18 Great Rhombicosidodecahedron
19 Left snub dodecahedron
20 Right snub dodecahedron
Table 4.3: Polyhedron codes for Archimedean polyhedra
As far as the isomers of the Archimedean polyhedra are concerned, the polyhedron code is 
based on the code of the parent polyhedron. Thus the isomer of the cuboctahedron (code 
7) has polyhedron code 71. Where there is more than one isomer of a polyhedron, the 
codes are distinguished by ending in 1, 2, 3 etc. The full list of polyhedron codes for the 
isomers is given in Table 4.4.
Polyhedron code Represents mapping onto
71 Cuboctahedron isomer
101 Pseudo rhombi cuboctahedron
121 Icosidodecahedron isomer
171 Rhombicuboctahedron isomer 1
172 Rhombicuboctahedron isomer 2
173 Rhombicuboctahedron isomer 3
174 Rhombicuboctahedron isomer 4
Table 4.4: Polyhedron codes for isomers
The polyhedron codes for prisms and antiprisms are obtained by adding an appropriate 
integer to the base codes of the polyhedra. The base codes, which are shown in Table 4.5, 
indicate that codes for prisms start with the number 21 and those for antiprisms start with 
the number 22. The polyhedron code is then obtained by appending the number of sides 
that the prism or antiprism has on it upper and lower faces to this stem. Thus the
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pentagonal prism has a polyhedron code of 215, and an antiprism which has upper and 
lower faces which are decagons has a code of 2210, It should be noted that prisms and 
antiprisms must be comprised of upper and lower faces that have a minimum of three 
sides.
Polyhedron code stem Represents mapping onto
21 Prism
22 Antiprism
Table 4.5: Polyhedron codes for prisms and antiprisms
4.5.3 Entity List
The ‘entity list’ is the third item within the parentheses of a polymation function, and is 
used to list the faces, edges or vertices that are to be mapped onto. In this context ‘entity’ 
is taken to mean ‘face, edge or vertex’. It takes the form of a string such as:
‘[3-8,2,16]’
The terms representing the entities to be mapped onto are separated by commas, so in this 
instance 3,4,5,6,7,8,2 and 16 would be designated, i.e. the range 3 to 8 in addition to 2 and 
16. The output formex which represents this mapping operation would contain all the 
elements created by mapping onto entity 3, followed by those created by mapping onto 4, 
and so on. The numbers must be integers and may be entered either individually or as 
ascending or descending series. In addition, they must be within the available range for the 
particular polyhedron. For example, if an object is to be mapped onto the faces of an 
icosahedron, which has 20 sides, the numbers must be between 1 and 20 inclusive.
Negative numbers have the effect of cancelling numbers entered previously. For example, 
the string
‘[1-10,-6]’
would designate 1,2,3,4,5,7,8,9,10 with the 6 having been removed.
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The negative numbers may also be entered as a series by enclosing them within parentheses 
such as:
‘[l-10,-(8-4)]’
This would give a list 1,2,3,9,10 to be mapped onto, with the range 4 to 8 having been 
removed from the series. If every entity of a polyhedron is to be mapped onto, this may be 
achieved using a string such as:
‘[all]’
This has the effect of designating all the faces or edges or vertices of the required 
polyhedron. For example if the vertices of an octahedron were being considered, the 
vertex list would read 1,2,3,4,5,6, with the numbers being put in ascending order. The 
‘all’ term may be used in conjunction with negative numbering by separating the items 
within the string with commas. For instance the string
‘[all,4,-(2-9)]’
would give a list of 1,4,10,11,12 if mapping is to be on the edges of a cube.
There is one occasion when a string is not required, and this is when only one entity is 
required for mapping. In this case the required integer may simply be entered on its own. 
Of course, if so desired it could also be entered as part of a string.
An expression whose value is a string or integer may be used in the place of the string or 
integer in the parentheses.
4.5.4 Radius Specifier
The fourth item within the parentheses of a polymation function is the ‘radius specifier’ 
which is used to determine the overall size of the final configuration. This numeric 
expression is used to set the radius of circumsphere of the polyhedron, from which all 
other parameters, such as edge length and radii of insphere and intersphere are obtained.
Oliver C Champion Page 120
Chapter 4: Polymation Function_______________________________________ PhD Thesis
It may be either entered on its own, or as a single item within square brackets, such as 
[15.7]. An expression may be used as long as its value is of the required type.
4.5.5 Locator
The ‘locator’ is the fifth and final item within the parentheses of a polymation function and 
is used to specify the A-point and B-point which are used to scale and position the object 
when it is mapped. If a C-point has also been used to designate the mapping plane, this is 
entered into the locator as well. The locator is a formex which can take a variety of forms. 
The available options are outlined below.
The minimum requirement for the locator is the specification of two non-coincident points. 
This may be achieved by giving two sets of x, y, and z coordinates in a formex, such as:
[1,2,3;6,7,8]
The first three numbers are taken to be the coordinates of the A-point, and the second 
three to be the coordinates of the B-point. Alternatively, the z-coordinates may be 
omitted, as in the following case:
[1,2;3,5]
The z-coordinates in this instance are assumed to be equal to zero, which means the A- 
point and B-points both lie in the x-y plane which makes the mapping plane also coincident 
with the x-y plane.
An even shorter version of the locator may be given in the form:
[1;2]
where in addition to the z-coordinates being assumed to be zero, the y-coordinates are as 
well. In this case the A-point would be taken as [1,0,0] and the B-point as [2,0,0]. The 
mapping plane would be coincident with the x-y plane. This form of locator could have
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been used in the polymation example of Figure 4.31 where the locator could be given as 
[0;12] instead of [0,0; 12,0],
The above methods for entering the locator are all based on the mapping plane being 
defined using just the A-point and B-point. If a C-point is to be used as well that may be 
entered into the formex, separated from the A-point and B-point by a semicolon. An 
example of this is as follows:
[1,2,3;6,7,8;2,3,4]
In this instance the A-point has x-y-z coordinates of (1,2,3), which are the first three 
numbers in the formex. The B-point has coordinates of (6,7,8), which are the next three 
numbers and the C-point has coordinates of (2,3,4), which are the last three numbers. 
These three points are used to define the mapping plane, so they must not be colinear.
If so desired, only two coordinates may be given for each of the points, as in the following 
example:
[2,6;3,4;9,5]
If this is the case then the z-coordinates of each of the points are assumed to be equal to 
zero. This is the minimum information required if three points are given since if y- 
coordinates were also omitted and assumed to be equal to zero, the three points would be 
colinear along the x-axis.
4.5.6 Argument
In cases where the argument (or independent variable) of a polymation function has a 
grade of 3, the data is interpreted as the x-y-z coordinates of a configuration. It is 
required that the argument has a minimum grade of 2. If the argument does have a grade 
of 2, the data is interpreted as the values of the x and y coordinates, with the z coordinates 
all assumed to be 0. This mode is used quite often when a plane grid is being used for 
mapping onto faces. If the argument has a grade greater than 3, the extra uniples are
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ignored for the purposes of determining the coordinates. However, the formex rep­
resenting the mapped configuration will retain these extra uniples in their correct positions.
4.6 Selective Polymation
The whole of this chapter to this point has been concerned with ‘non-selective’ 
polymation. To elaborate, objects have been mapped as a whole onto the desired 
polyhedron which has a given radius, with the relative geometric proportions of the 
mapped object remaining constant. A whole new range of polymation possibilities are 
opened up with the use of ‘selective’ polymation whereby groups of nodes of a 
configuration are treated separately. This may mean that only some parts of a 
configuration are mapped, or it might entail multiple groups of nodes as in the example of 
Figure 4.32 which involves a double layer grid. A view of the grid before polymation onto 
the faces of an icosahedron is shown in Figure 4.32(a). It should be noted that every 
member of this face-object is of equal length prior to polymation. All the nodes on the top 
layer of the grid are considered to be part of one group, while all the nodes on the bottom 
layer make up a second group. The polymation of this face-object involves the two sets of 
nodes being mapped onto the same faces of the same polyhedron, shown in Figure 4.32(b), 
but with different radii.
The result of the polymation is shown in Figure 4.32(c). The lengths of the members of 
the polyhedric configuration are not equal as they were on the face-object. Those 
members at a greater radius are longer than those at the lower radius, with the web 
members having a variety of different lengths. This implies that the geometric proportions 
of the object have changed in the mapping process, a consequence of selective polymation. 
It should be emphasised that it is the nodes that belong to different groups, and not the 
members. In this example there are some members which have both end nodes belonging 
to the same group, and some which have an end node from each group. It is this latter set 
of members that form the web elements.
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(a) Face-object (b) Top 5 faces of icosahedron
(c) Resultant polyhedric configuration 
Figure 4.32: Selective Polymation
As another example, consider a formex F which represents the configuration shown in 
Figure 4.33(a), which is a plane face-object lying in the x-y plane. F has a grade of four, 
with the first three uniples representing the x-y-z coordinates of the configuration. The 
fourth uniple of each signet of F is either equal to 1 or 2. This number indicates which of 
two groups that a node belongs to. The positions of the A-point and B-point in relation to 
the face-object are indicated on the diagram. Also indicated is the boundary between the 
two groups of nodes labelled Group 1 and Group 2. Group 2 nodes are those inside the 
inner dotted line whilst group 1 nodes are those which lie between the two dotted lines. 
The outer dotted line represents the portion of the face-object which will match up with
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the faces of the polyhedron after mapping. It may be noted that some members of the 
face-object have one end node which belongs to group 1 and the other which belongs to 
group 2.
r -  Group 1 nodes
Group 2 nodes
^  A-point x-y 
coords are (0,0) B-point x-y coords are (24,0)
(a) Face-object (b) Faces of dodecahedron
(c) Polyhedric configuration created by selective face mapping 
Figure 4.33: Mapping of two groups of nodes using selective polymation
The face-object is to be mapped onto faces 1, 2 and 3 of the dodecahedron, shown in 
Figure 4.33(b). Importantly however, the first group of nodes will be mapped onto a
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dodecahedron with radius of circumsphere 20 units and the second group will be mapped 
onto a dodecahedron with radius 17 units. The result of this polymation operation is the 
polyhedric configuration shown in Figure 4.33(c), where the distinction between the two 
groups of nodes is immediately apparent. It is also clear that the relative geometric 
proportions of the face-object have changed. The boundaries of the three faces of the 
dodecahedron with radius of circumsphere of 20 units are shown in dashed lines on this 
diagram to aid viewing.
Performing a selective polymation operation requires certain alterations to the form of the 
fianction parameters. Shown in Figure 4.34 is the polymation statement used to produce 
the polyhedric configuration of Figure 4.33(c). The polyhedric configuration is 
represented by the formex G, whilst the formex F represents the face-object. The first 3 
items within the parentheses have their normal meaning. The initial 1 is the operation code 
which designates mapping onto faces. This is followed by the number 4 which is the 
polyhedron code, specifying mapping onto the dodecahedron. The entity list indicates that 
faces 1 to 3 of the dodecahedron are to be used as the bases for mapping.
Position of group 
Identification coordinate Value of group Identification \ coordinate and the corres-Operation code No. of groups \ ponding circumradius
(1 =face m a p p in g ) \^   ^ group
G=pol(1,4,'[1 -3]'.[2,4;1,20;2,17],[0,0;24,0])|F
/  Entity list \  Locator
Polyhedron code Radius specifier 
(4=dodecahedron)
Figure 4.34: Selective polymation function
It is the fourth item in the parentheses which is the major difference between selective and 
non-selective polymation. With non-selective polymation the radius specifier is just a 
number which indicates the radius, but with selective polymation it is a formex. The radius 
specifier formex always has a grade of 2. In the example the first number within the radius 
specifier is 2, which means that two groups of nodes are used in this polymation operation.
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This is followed by the number 4, which is the position of the ‘group identification 
coordinate’. In this case it signifies that the fourth uniple (or coordinate) of each signet (or 
node) will be consulted to see which group the node belongs to. Following these two 
numbers in the radius specifier are sets of two numbers for each group. The first number 
in each set indicates the value of the group identification coordinate, whilst the second 
specifies the radius of circumsphere for the group. In the example it may be seen that the 
first group has a group identification coordinate of 1 and a radius of 20, and the second 
group has a group identification coordinate of 2 and a radius of 17.
The final item within the function parentheses is the locator. This is used to indicate the 
A-point and B-point of the face-object, which in the example have x-y coordinates of (0,0) 
and (24,0), respectively. In this instance both groups use the same A-point and B-point. 
This is not always the case though, as is demonstrated by subsequent examples.
4.6.1 Using Selective Polymation to Create Double Layer Polyhedric Configurations
An approach for the mapping of a double layer edge-object onto a range of edges of a 
truncated octahedron is shown in Figure 4.35. This approach is similar to that outlined 
earlier in the chapter where the ends of the Vierendeel-girder-type edge-object were mitred 
to ensure there were no gaps where they met. The locations of the A-point and B-point of 
the edge-object are as shown in Figure 4.35(a). The polyhedric configuration produced by 
this polymation is shown in Figure 4.35(b), and the function parameters used to achieve 
the mapping are given in Figure 4.35(c). The formex El represents the edge-object and 
the formex PI represents the polyhedric configuration created. This is one way of 
obtaining a double layer polyhedric configuration, and since each node is treated in the 
same way, is referred to as ‘non-selective’ polymation.
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A-poIntm,o) B-point (8.0.0)
X\ 7 1
Edge-object 
Mitre angle = asin(1 /7ÎÔ) = 18.43495°
W
Operation code 
(2=edge mapping)
(b)
Radius specifierPolyhedron code (9=truncated 
y /  octahedron)
P1 =pol(2.9,'[1 -11 ,-7,15-17,20-23,27-33,-31,36]',10,[0,0;8,0])|E1
/Entity list
(c)
\Locator
Figure 4.35: Mapping of double layer edge-object
An alternative approach for producing a double layer polyhedric configuration is shown in 
Figure 4.36. The upper and lower layers of the edge-object shown in Figure 4.36(a) are 
treated separately using selective polymation. To this end, the nodes on the upper layer of 
the girder belong to one group of nodes and those on the lower layer belong to another 
group. The groups are distinguished by the fourth coordinate, which has a value of 1 for 
the upper layer and 0 for the lower layer. In addition the upper and lower layers have 
different A-points and B-points, as illustrated in Figure 4.36(a). The result of mapping the 
nodes from the upper layer onto a truncated octahedron of radius 10 units and those on 
the lower layer onto a radius of 10-5/6 (=55/6) units is shown in Figure 4.36(b). This 
lower radius is selected to give the mapped truss a thickness equal to that obtained in the 
non-selective case (one eighth of the edge length). The polyhedric configuration is
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produced by using the polymation function as shown in Figure 4.36(c). The formex E2 
represents the edge-object and the formex P2 represents the resultant polyhedric 
configuration.
A-point for 
top layer 
(0.0.0)
Edge-object
B-point for 
top layer 
(8.0.0)
\ .  X
A-point for 
bottom layer (0.0.-1)
B-point for 
bottom layer 
(8,0.-1)
(a) (b)
Operation code 
(2=edge mapping)
Polyhedron code 
(9=truncated 
octahedron) Entity list/
P2=pol(2,9,'[1 -11 ,-7,15-17,20-23,27-33,-31.36], 
[2,4;1,10;0,55/6].[0.0,0;8,0,ai[0,0,-1 ;8,0,-1 ])|E2
\ \Locator for first group
\Locator for second groupNo. of groups ^  \ \
Position of group Value of group identificationidentification coordinate coordinate and the corres­
ponding circumradius for each group
(c)
Figure 4.36: Mapping of double layer edge-object using selective polymation
The parameters used in the polymation function in Figure 4.36(c) are entered in a similar 
way to the previous example of selective polymation in Figure 4.34. The one major 
difference is that two locators have been entered. The first of the locators corresponds to 
the first group of nodes (the upper layer in this case) and the second locator corresponds
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to the second group of nodes (the lower layer in this case). These facts are shown in the 
figure.
The main advantage of using the second approach (i.e. selective polymation) is that the 
problem of mitring is sorted out automatically. The procedure required though is more 
elaborate. It should be noted that the polyhedric configurations of Figure 4.35(b) and 
Figure 4.36(b) are not identical. To be specific, the web elements in Figure 4.35(b) remain 
perpendicular to the top and bottom chords, whereas the web elements in Figure 4.36(b) 
are along radial lines emanating from the centre, as indicated by the dotted lines in the 
figure. The geometric proportions of the edge-object have thus been altered during the 
mapping process using the selective polymation approach. This consequence of selective 
polymation, which has been mentioned previously in this section, means that parallel lines 
may not be parallel after polymation, and members which previously had equal lengths may 
not do so any more. This is in contrast to non-selective polymation where objects are 
subject only to photographic enlargement or reduction. There are no general rules 
regarding the manner in which the proportions may change with selective polymation. 
These changes are governed by the choices of the A-points and B-points.
This form of selective polymation may be used for face mapping and vertex mapping as 
well. Also, there is no restriction on the number of groups of nodes (or layers) that may 
be used.
A further example of selective polymation onto faces is shown in Figure 4.37. The face- 
object used for polymation is illustrated in Figure 4.37(a). It is a plane grid with each node 
represented by four coordinates. The first three of these are the x-y-z coordinates of the 
node, whilst the fourth coordinate indicates which group the particular node belongs to. 
Members connecting nodes which are both from group 1 are shown in solid lines and those 
connecting nodes which are both in group 2 are shown in dashed lines. Members joining a 
node from either group are shown in dotted lines. The A-points and B-points for the two 
groups are also indicated.
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The result of mapping this face-object using selective polymation onto five faces of an 
icosahedron is shown in Figure 4.37(b). The nodes from group 1 have been mapped to a 
circumradius of 30 units, and those from group 2 to a radius of 25 units. This shows how 
a double layer polyhedric configuration may be produced fi'om a single layer face-object 
using selective polymation. The top layer of the polyhedric configuration is shown in 
thicker lines to enable better viewing.
—  member with group 1 nodes
—  member wth group 2 nodes 
member wth one group 1
and one group 2 node
A-point for group 1 
(0,0,0,1)
B-point for 
group 1 v/.\ (12,0,0,1)
A-point for group 2 
(1,1/sqrt|3,0,2)
B-point for group 2 
(11,1/sqrtjS,0,2)
(a) (b)
Figure 4.37: Double layer polymation on icosahedron
The polymation parameters required for this operation are shown in Figure 4.38. Two 
locators have been included again, one for each group of nodes. The formex ICO rep-
Operation code 
(1 =face mapping)
Polyhedron code(5=icosahedron) Locator for group 1 nodes 
ICO=pol(1,5,'[1 -5]',[2,4;1,30;2,25],[0;12],[1,1 /sqrt|3;11,1 /sqrt|3])|P
IEntity list I IA-point B-point
Locator for group 2 nodesRadius specifier 
Figure 4.38: Double layer polymation from plane face-object
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resents the polyhedric configuration created, whilst the formex P represents the face-object 
being mapped.
4.6,2 General Form o f Selective Polymation Function
The layout of the function parameters when using selective polymation has been illustrated 
with the above examples. Shown in Figure 4.39 is the general form of the selective 
polymation function, showing how the parameters for multiple groups of nodes fit in. 
There is no limit to the number of groups that may be used. The argument (or 
independent variable) shown in the general form is the formex variable E and the 
dependent variable is G.
Values of group Identification coordinate for the first, second, third,... and last groups of nodes
Radius specifier i
Polyhedron code 
Operation code
Position number of group identification coordinate
Number of groups of nodes
Entity list
Circumradius for the first, second, third, ... and last groups
G=pol(oc,pc,'[e1 ,e2,e3-e4,...,en]',[n,cp;v1 ,r1 ;v2,r2;v3,r3;...;vn,rn], 
[A1X, A1 y, A1 z;B1 x,B1 yB1 z;C1 x,C1 y,C1 z],[A2;B2;C2],...,[An;Bn;Cn])|E
t t tx-y-z coords x-y-z coords x-y-z coordsof A-point of B-point of C-point
Locator for the first group of nodes
Locator for second, third,.. and last groups of nodes
Figure 4.39: General form of selective polymation function
There are a few points to be made regarding the general form to clarify what in fact is 
allowable, and what is assumed in potentially ambiguous cases. These are as follows:
• The operation code and the polyhedron code must be integer expressions.
• In the entity list, if a negative entity or range of entities are specified, the ‘positive’ 
entity must have already been entered. For example, ‘[l-7,-5]’ is acceptable, but
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‘[l-5,-8,7-10]’ is not. This is because entity number 8 cannot be removed before it has 
been entered.
The plexitude (i.e. the number of items separated by semicolons) of the radius specifier 
must be equal to one more than the number of groups of nodes. So if there are four 
groups, the formex representing the radius specifier should have a plexitude of five. 
The first two numbers in the radius specifier always indicate the number of groups and 
the position of the group identification coordinate.
If a node is mapped to a radius of 0 it will go to the origin of the x-y-z coordinate 
system, (0,0,0), no matter where it is in relation to the A-point and B-point of the 
object. If a node is mapped to a negative radius then the effect is to change the sign of 
the coordinates of the mapped point. Consider, for example a node which is to be 
mapped to a radius of -15 units. If it were to be mapped to a positive radius of 15 it 
might have coordinates of (10,-8,13). However, if the radius is -15 the signs are 
reversed, and the mapped location is (-10,8,-13). The effects may be seen visually in 
Figure 4.40. The polyhedric configuration in Figure 4.40(a) has been produced by 
mapping onto the top five faces of an icosahedron with radius 20 units. The polyhedric 
configuration in Figure 4.40(b) has been obtained by mapping onto the top five faces of 
an icosahedron with radius -20 units. The two configurations, shown with the same 
viewing conditions, illustrate the effect of the negative radius.
(a) (b)
Figure 4.40: Mapping onto a polyhedron with a negative radius
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• If less locators are given than there are numbers of groups, the locators are assigned to 
the first groups designated. The remaining groups are assigned the last locator. For 
example if there are four groups but only two locators specified, the first group will use 
first locator and the second group will use the second locator. The other two groups 
will then also be assigned the second locator.
4,7 Antipolymation
One very important class of polyhedric configurations is obtained by mapping polyhedric 
configurations onto other polyhedra, which produces configurations based on more than 
one polyhedron. An example of this is contained in Figure 4.41. The face-object shown in 
Figure 4.41(a) has been placed onto the upper 3 faces of a tetrahedron to produce the 
polyhedric configuration shown in Figure 4.41(b). This in turn has been placed onto the 
upper five faces of an icosahedron, shown in Figure 4.41(c), to produce the polyhedric 
configuration illustrated in Figure 4.41(d).
(a) (b)
Figure 4.41 (part i): Polyhedric configuration based on more than one polyhedron
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(c) (d)
Figure 4.41 (part ii): Polyhedric configuration based on more than one polyhedron
Formulation of the initial polyhedric configuration, shown in Figure 4.41(b) can be carried 
out with relative simplicity using the polymation function. Mapping this configuration 
onto the faces of the icosahedron can also be performed using the polymation function. 
However, in order to map this face-object (as it has now become) onto the icosahedron so 
that it entirely fills the faces of the polyhedron, it is necessary that the A-point and B-point 
are coincident with two of its vertices. The required positions of the A-point and B-point 
are shown in the view of the face-object in Figure 4.42(a). Finding the positions of these 
two points relative to the global coordinates is not a simple task, especially with other 
polyhedra which have many more faces, edges and vertices. It would be much easier if the 
face-object were positioned as shown in Figure 4.42(b). In this view it may be seen that 
the lower face of the tetrahedron lies in the x-y plane, with the A-point positioned at the 
origin of the global coordinates (0,0,0) and the B-point positioned on the x-axis at the 
location (10,0,0).
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A-point
B-point A-point(0,0 .0) B-point
(10.0,0)
(a) (b)
Figure 4.42: A-point and B-point of face-object
The repositioning and rescaling of the face-object makes the subsequent polymation 
operation quite simple. What has taken place is movement of the face-object so that the 
lowest face (face 4) of the tetrahedron is coincident with the x-y plane. In addition, the 
face-object has been scaled (by equal amounts in all directions) so that the edge length is 
equal to 10 units - one vertex is put at location (0,0,0) and one at location (10,0,0). 
Effectively, the reverse of polymation has taken place, which is why this process is known 
as ‘antipolymation’. With polymation, the A-point and B-point of a configuration are 
mapped onto the A-end and B-end, respectively, of a baseline, an edge or a handle. With 
anti-polymation, the reverse happens, with the A-end and B-end being mapped to the A- 
point and B-point.
It is important to note that the A-end and B-end are two points in space whose locations 
are defined by an entity of a polyhedron of a certain radius. They do not need to be a part 
of or have any relation to the object being positioned using antipolymation. Another point 
to note is that with polymation an object may be mapped into a number of different 
positions on a polyhedron, with each having its own A-end and B-end. However, with 
antipolymation only one A-end and one B-end may be given. Hence, unlike polymation no 
replication of the object may take place using antipolymation.
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4.7.1 The Antipolymation Function
Consider the example of antipolymation shown in Figure 4.43. Figure 4.43(a) shows a 
configuration produced by mapping a plane face-object onto face 1 of an icosahedron of 
radius 10 units (four other faces of the icosahedron are shown to provide location details). 
The A-end and B-end of face 1 are indicated on the diagram. Illustrated in Figure 4.43(b) 
is the configuration after antipolymation has taken place. The A-end and B-end of the 
configuration are coincident with the A-point and B-point, respectively, which are in the 
positions indicated.
Face 1
B-end 
(to be placed 
at nominated 
B-point)
y \/v \/\/\/v \/\Baseline of 
face 1A-end (to be placed at nominated 
A-point)
B-point at coords 
(8,0.0)
A-point 
at coords 
(0,0 ,0)
(a) (b)
Figure 4.43: Antipolymation of a polyhedric configuration
This operation has been achieved using the antipolymation function, with the function 
parameter^ as indicated in Figure 4.44. The function parameters work in exactly the same 
way as for polymation. The major difference is that instead of an entity list, a single entity 
is entered. This means that it may be entered as an integer rather than a string. The 
operation codes and polyhedron codes are as for polymation. The A-point and B-point are 
entered using the locator, whilst the positions of the A-end and B-end of the baseline are 
dictated by the operation code, polyhedron code, entity number and radius of circum­
sphere.
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Polyhedron code 
(5=!cosah0dron)
\ Entity Operation code \ number
(1 =face mapping) \
Formex after antipolymation
new=apol(1,6,1
Circumradius
x-y-z coordinates of A-point and B-point
,10,[0.0,0;8.0,0])|icos
Antipolymation I Locator Formex to be
tunction name j subject to
These four numbers dictate the antipolymation |
position of the A-end and B-end i
Figure 4.44: Antipolymation function i
A further example of antipolymation shown in Figure 4.45. In Figure 4.45(a) a polyhedric 
configuration created from a dodecahedron of radius 20 units is illustrated. Labelled on 
this diagram are the baseline and the A-end and B-end of the bottom face (face 12). These 
two points are defined by their relationship with the dodecahedron. Shown in Figure 
4.45(b) is a configuration which is comprised of two layers of nodes parallel to the x-y 
plane. Labelled on this figure are two points, an A-point and a B-point, which are 
coincident with two comer nodes on the lower layer. As with polymation, a mapping 
plane is determined, which in these circumstances contains the A-point, the B-point and is 
parallel to the x-y plane. The A-point has coordinates (6,0,0) and the B-point has 
coordinates (18,0,0).
When antipolymation is applied to the original configuration it transforms the 
configuration into the position shown in Figure 4.45(c). The A-end of the baseline of face 
12 is coincident with the specified A-point, and the B-end is coincident with the B-point. 
Additionally, the plane of the face is coincident with the mapping plane, with the direction 
that pointed away from the centre of the dodecahedron now being the positive z direction. 
In practice, the exact opposite of the procedure used for polymation is employed, down to 
the use of the mapping plane.
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Face 12
B-end
Baseline 
/ / '  A-end
I
A-point 
at coords (6,0,0)
B-point at coords 
(18.0.0)
(a) (b)
(c)
Figure 4.45: Antipolymation with a dodecahedron
The form of the antipolymation function used to carry out this operation is shown in 
Figure 4.46. The formex variable ‘dodec’ represents the polyhedric configuration of 
Figure 4.45(a) and the formex ‘final’ represents the configuration after antipolymation. 
The locator, which gives the positions of the A-point and B-point, may be entered using 
similar options to polymation. In this example, the z coordinates have been omitted and
Oliver C Champion Page 139
Chapter 4: Polymation Function_______________________________________ PhD Thesis
are assumed to be equal to zero. Alternatively a C-point may be used to define a mapping 
plane which is not parallel to the x-y plane.
Polyhedron code 
(4=dodecahedron)
Operation code 
(1=face mapping) /
final=apol(1,4,12,20,[6,0;18,0])|dodec
LocatorEntity number
Circumradius
Figure 4.46: Antipolymation function parameters for the dodecahedron example
Each of the examples of antipolymation has involved a face being used as the basis for the 
operation. However, similar to the case of polymation, edges and vertices of polyhedra 
may also be used to transform configurations. Illustrated in Figure 4.47 is an example of 
using an edge as the basis for an antipolymation operation. The configuration to be 
subject to antipolymation is shown in Figure 4.47(a). It has been created by mapping onto 
four faces (face numbers 1, 2, 3 and 7) of a dodecahedron. The configuration has a 
circumradius of 20 units and is shown relative to the global coordinates. On the diagram, 
edge number 6 is labelled, with the A-end and B-end marked. Using antipolymation this 
configuration has been transformed into the position shown in Figure 4.47(b).
The transformation has been carried out so that A-end of edge 6 is coincident with the 
designated A-point (3,5,0) and the B-end of edge 6 is coincident with the designated B- 
point (6,5,0). Scaling of the configuration has taken place so that the distance between 
the A-end and B-end is equal to the distance between the A-point and B-point. After 
antipolymation the mapping plane of the edge (tangent to the intersphere of the 
dodecahedron) is coincident with the x-y plane, in which both the A-point and B-point lie. 
As with antipolymation with faces, the exact reverse of the step-by-step polymation 
procedure is employed.
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B-end
-  Edge 6
A-end
A-pointat coords (3,5,0) B-point 
at coords (6.5,0)
Z
X
(a) (b)
Figure 4.47: Antipolymation using an edge of a polyhedron
The parameters required in the antipolymation function to achieve this transformation are 
shown in Figure 4.48. They follow the same pattern as for antipolymation with a face, the 
most important difference being that the operation code is now 2 to signify that an edge is 
to be used as the basis for antipolymation. The formices F and G represent the 
configuration before and after antipolymation, respectively. If a vertex were the entity 
employed, the procedure would again be the same, but with an operation code of 3.
Polyhedron code 
(4=dodecahedron) 
Operation code I
(2=edge mapping) /
G=apol(2,4,6,20,[3,5,0;6,5.0])|F
Entitynumber
\Locator
Circumradius
Figure 4.48: Antipolymation function in relation to edges
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4.7.2 Selective Antipolymation
As with polymation, antipolymation may be effected with groups of nodes handled 
separately. This process is known as ‘selective antipolymation’. The only restriction is 
that only one entity, whether it be a face, edge or vertex, may be chosen. Consider the 
configuration shown in Figure 4.49(a). This is a double layer configuration produced by 
mapping onto a single face (face 1) of an icosahedron. Nodes of the two layers of the 
configuration belong to different groups. For the first groups of nodes, representing the 
top layer, the circumradius of the icosahedron is 30 units and for the second group, 
representing the bottom layer, the circumradius is 25 units. Each node has four 
coordinates, the first three of which give the x-y-z coordinates of the point. The fourth 
coordinate indicates which group a node belongs to, with a 1 indicating the top layer and a 
2 indicating the bottom layer.
For each of the two groups a baseline, with the associated A-end and B-end, is required. 
The position of the baseline for each group is dictated by four factors: the operation code, 
the polyhedron code, the entity number and the radius of circumsphere. For each group 
these first three numbers are identical. It is the radius of circumsphere that is different for 
the groups of nodes. The baselines (with the associated A-ends and B-ends) for the two 
groups are shown in Figure 4.49(a). After antipolymation the position of the config-
Icosahedron with 
Rc = 30 unitsIcosahedron with Rc = 25 units
Â Î
B-end for group 1 nodes 
B-end for group 2 nodesA-end for group 1 nodes A-end for group 2 nodes
Group 1 baseline
Group 2 baseline
(a) Configuration before antipolymation 
Figure 4.49 (part i): Selective antipolymation
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A-poInt 
for group 1 • 
(0.0.8)
A-point for group 2 - 
(2.2/sqrt|3,0)
B-point for group 1 (24,0.8)
B-point 
for group 2 
(22,2/sqrt|3,0)
(b) Configuration after antipolymation 
Figure 4.49 (part ii): Selective antipolymation
uration is as shown in Figure 4.49(b). The A-end and B-end of the top layer (first group 
of nodes) are coincident with the nominated A-point and B-point for the first group. 
Similarly, the A-end and B-end of the bottom layer (second group of nodes) are coincident 
with the nominated A-point and B-point for the second group.
The form of the selective antipolymation function used to carry out this transformation is 
shown in Figure 4.50. The A-points and B-points for the two groups are entered in 
separate locator formices, as they are with the polymation funtion. The formex which 
represents the configuration subject to antipolymation in this example (the argument) is F. 
The formex representing the configuration after antipolymation is G. The major difference
Position of group 
Identification coordinate Value of group identification \ coordinate and the corres-No. of groups \ ponding circumradiusfor each group
G=apol(1,5,1 ,[2,4;1,30;2,25],[0,0,8:24,0,8],[2,2/sqri|3;22,2/sqrt|3])|F
Operation code \ Entity 
(1 =face mapping) \  number '  ^ Radius
Polyhedron code specifier 
(5=icosahedron)
\  1 Locator for Locator forgroup 1 nodes group 2 nodes
Figure 4.50: Selective antipolymation function
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from the non-selective antipolymation function is the fact that the radius specifier is a 
formex. The format of this formex is identical to that for selective polymation, with the 
numbers having the meaning indicated in Figure 4.50.
Unlike non-selective antipolymation, the geometric proportions of a configuration may 
change under selective antipolymation. As with selective polymation, there are no general 
rules regarding the manner in which the proportions change. These changes are dependent 
on the choice of A-point and B-point. This is emphasised by the two configurations 
shown in Figure 4.51. Both of these are the result of a selective antipolymation operation 
carried out on the configuration of Figure 4.50(a). The only difference is in the choice of 
the A-points and B-points for the two groups, the positions of which are as shown in the 
diagrams. The figures demonstrate how the A-points and B-points may be used to totally 
change the nature of a configuration.
A-pdnt for group 1 
(0.0 .1)
A-point 
for group 2  
{1,1/sqrt|3,0)
A-point 
for group 1 B-point (0,3,2) -  
for group 1 
(1 2 ,0 ,1 )
B-point for group 2 (11,1/sqrlj3,0)
A-point for group 2 (1,1/sqrtl3,0)
B-point 
for grcHip 1 (8,9.2)
B-point for group 2 (11,1/sqrlj3,0)
W  (b)
Figure 4.51: Effect of location of A-point and B-point on selective antipolymation
4.7.3 Applications o f Antipolymation
The possible uses for the antipolymation function have yet to be explored in depth. 
However, the above examples have given a sample of what is possible with both selective 
and non-selective antipolymation. In particular, the antipolymation function is a highly 
useful tool for the creation of polyhedric configurations which are created by putting 
together a number of polyhedra [11]. Shown in Figure 4.52 are a number of polyhedric
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configurations produced in this way. In each case the formex representing the 
configuration has been created using the polymation function in conjunction with the anti­
polymation function. Each node of the configurations is defined by its x-y-z coordinates 
(which are not shown on any of the diagrams in order to avoid clutter). The polyhedra 
used in the combinations are all available as standard with the polymation and 
antipolymation fijnctions.
Figure 4.52: Producing polyhedric configurations by combining polyhedra
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4.8 Basiretian Function
Polyhedric configurations created using the polymation and antipolymation functions are 
restricted in that only the faces, edges or vertices of a polyhedron can be used as a basis 
for mapping onto at any one time. For example, one can map onto the vertices of a 
tetrahedron, or the faces of a dodecahedron, but not in the same operation. It is true that 
configurations may be obtained by combining various elements of individual polymation 
operations, such as an edge mapping and a vertex mapping, to produce one final 
configuration. However, it is not possible for members produced in this way to have one 
end node produced through edge mapping and one through vertex mapping.
The vehicle designed for such procedures is the ‘basiretian’ function (or retronorm), which 
allows interaction between the different entities of the different polyhedra. In addition, the 
polyhedra involved can have different sizes. Consider the configuration shown in Figure 
4.53(a). This configuration is produced by connecting vertices of the dodecahedron and 
icosahedron to each other. Each node of the configuration is labelled with either a ‘D’ or 
an ‘F followed by a number. A node which starts with a D is a dodecahedron node, and 
one which starts with an I is an icosahedron node. These node labels correspond with 
those shown on the diagrams of the dodecahedron and icosahedron shown in Figures 
4.53(b) and 4.53(c), respectively. The nodes on the polyhedric configuration created are 
in identical positions to the polyhedra nodes, with the two polyhedra being concentric
D 3
D3
D 4 D 2 D 4 D 2
D5
I D5 13
(a)
16
(c)
Figure 4.53: Polyhedric configuration created through the basiretian function
ri3
Oliver C Champion Page 146
Chapter 4: Polymation Function PhD Thesis
The dodecahedron and icosahedron used in the above example have equal radii of 
circumsphere to produce the configuration shown. However, there is no restriction on the 
nodes that requires them to be mapped onto polyhedra with equal radii. In Figure 4.54 are 
three polyhedric configurations which have been produced using the basiretian function in 
a similar way to that used in Figure 4.53(a). The same nodes of the dodecahedron and 
icosahedron have been used. The only differences are the respective circumradii of the 
two polyhedra. In Figure 4.54(a) the icosahedron radius is 1.5 times the dodecahedron 
radius and in Figure 4.54(b) the icosahedron radius is double the dodecahedron radius. In 
Figure 4.54(c) the icosahedron radius is half the dodecahedron radius.
(a) (b) (c)
Figure 4.54: Varying of circumradius of dodecahedron and icosahedron
A further example which demonstrates how the basiretian function may be used is shown 
in Figure 4.55. The PIO (small rhombicuboctahedron) illustrated in Figure 4.55(a) is used 
as the basis for this operation. Two of the faces of the polyhedron, namely faces 9 and 14, 
are indicated on the diagram and using the basiretian function a grid is put onto both of 
these square faces. Additionally, each node of these two grids is connected to the 
corresponding node (see below) on the other grid to form a series of web elements. The 
polyhedric configuration produced by this procedure is shown in Figure 4.55(b). In this 
view, the two grids and the connecting web elements are visible.
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Face 9
Face 14
(a) (b)
Figure 4.55: Use of basiretian function with the faces of PIO (small rhombicuboctahedron)
4.8.1 Entity Coordinate System
In the above example it was mentioned that the pairs of ‘corresponding nodes’ on the two 
faces of the small rhombicuboctahedron were connected to each other. What was meant 
by this is that sets of two nodes with the same local coordinates were connected to each 
other. To elaborate, the local coordinates, or ‘entity coordinates’ as they are known in this 
context, dictate where a node is mapped to in relation to the entity (i.e. face, edge or 
vertex). The position of the entity coordinates for a single entity in relation to the global 
coordinate system is illustrated in Figure 4.56. This is a diagram which shows the global 
coordinates, x-y-z, of the octahedron and the entity coordinate system, xe-ye-ze, for one 
particular entity. All entities have their own individual entity coordinate systems.
Like the global coordinates, the entity coordinates are right-handed Cartesian coordinates. 
The xe-axis of the entity coordinate system contains both the A-end and B-end of the 
baseline or edge or handle, depending on whether the entity is a face, an edge or a vertex, 
respectively. If a face is the entity being used, the plane xe-ye is in the plane of the face. If 
an edge or vertex is the entity being used, the plane xe-ye is tangential to the intersphere of
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Origin of global coordinates
ze
Origin of entity coordinates xe
A-end of ^ baseline, or edge, or handle  ^ B-end of baseline, or edge, or handle
Figure 4.56: Entity coordinate system
the polyhedron. For faces, edges and vertices the axis ze is perpendicular to the xe-ye 
plane and passes through the A-end of the baseline or edge or handle. The positive ze-axis 
points away from the centre of a polyhedron. These particulars imply that the xe-ye plane 
for an entity is the same plane as the mapping plane for polymation, a useful compatibility.
The units of the entity coordinate system are such that the distance between the A-end and 
B-end of a baseline is equal to 1 unit on the xe-axis. This distance is the same as the edge 
length, or the length of a vertex handle.
Having a ‘feel’ for the entity coordinate system is essential for using the basiretian 
retronorm. Shown in Figure 4.57 are the entity coordinates for various nodes in relation 
to a face, an edge and a vertex of PIO (small rhombicuboctahedron). The face used is face 
10 of the polyhedron, and is illustrated together with the A-end and B-end of the baseline 
in Figure 4.57(a). The entity coordinates of each of the nodes are displayed to the side of 
the figure. Each of the nodes has a zero ze-coordinate, which means they all lie in the 
plane of the face. The node which has xe-ye-ze coordinates of (0,0,0) lies at the A-end of
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the baseline, since this is the origin of the entity coordinate system. The node which has 
entity coordinates of (1,0,0) lies at the B-end of the baseline, since the distance from A to 
B is 1 unit.
The entity coordinates of some nodes in relation to edge 14 of PIO (small rhombi­
cuboctahedron) are shown in Figure 4.57(b). The A-end and B-end of the edge are 
marked on the diagram. As with faces, the A-end has entity coordinates of (0,0,0) and the 
B-end has entity coordinates of (1,0,0). In Figure 4.57(c) the entity coordinates of some
Face 10
•  N2
N3
A-end o f.. 
baseline 
of face 10 N4I B-end of A" baseline 
of face 10
xe-ye-ze coordinates of 
points in diagram
A-end of baseline: (0,0,0)
B-end of baseline: (1.0.0)
Point N l: (1,1,0)
Point N2: (05.0.5.0)
Point N3: (0.5.0.0)
Point N4: (1,5.0.0)
(a) Entity coordinates for face 10 of PIO (small rhombicuboctahedron)
N2 N3
B-end ofI A-end of 
.A -  edge 14 -y-Edge 14 _
xe-ye-ze coordinates of 
points in diagram
A-end of edge: 
B-end of edge: 
Point N1 :
Point N2:
Point N3:
(0,0,0)
(1,0,0)
(0.5,0.5,0)
(0.33,0,0)
(0.67,0,0)
(b) Entity coordinates for edge 14 of PIO (small rhombicuboctahedron) 
Figure 4.57 (part i): Entity coordinates for various nodes
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— -K
! B-end of A - handle N2------I /  e
/  handle of ^—  vertex 13 ,
xe-ye-ze coordinates of 
points in diagram
A-end of handle: 
B-end of handle: 
Point Nl :
Point N2:
(0.0,0) 
(1.0,0) 
(0.5,0,0) 
(0.5,-0.5,0)
Vertex 13 
(A-end of handle)
(c) Entity coordinates for vertex 13 of PIO (small rhombicuboctahedron)
Figure 4.57 (part ii): Entity coordinates for various nodes
nodes in relation to a vertex are shown. Vertex 13 of PIO (small rhombicuboctahedron) is 
illustrated with its handle. The A-end of the handle (the vertex itself) has entity co­
ordinates (0,0,0) and the B-end (the vertex at the other end of the handle) has entity 
coordinates of (1,0,0). The face, edge and vertex numbers, and their respective A-ends and 
B-ends have been identified using the procedures outlined in the previous chapter. They 
may be established either by using the rules given in Appendix II or the diagrams contained 
in Appendix III.
4.8.2 The Basiretian Function
The basiretian function works by transforming a formex which is relative to entity 
coordinate systems into a formex relative to the global x-y-z coordinates. Consider the 
following situation. It is desired that a triangle is produced which links the following three 
nodes:
Node 1: vertex number 8 of P9 (truncated octahedron) of radius 20 units
Node 2: the centre of edge 20 of P12 (icosidodecahedron) of radius 15 units
Node 3: the centre of face 14 of P7 (cuboctahedron) of radius 25 units
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These three locations are shown in Figure 4.58, which contains diagrams of the respective 
polyhedra relative to the global x-y-z coordinates.
Vertex 8
(a) P9 (truncated octahedron)
Centre of edge 20
Centre of face 14
(b) P12 (icosidodecahedron) (c) P7 (cuboctahedron)
Figure 4.58: Locations of the three points
The entity coordinates (xe,ye,ze) of the three nodes are needed to position them, and they 
are as follows:
Node 1 
Node 2 
Node 3
(0,0,0) 
(0.5,0,0) 
(05,0.5,0)
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All the relevant information regarding the nodes is contained within a formex. A signet of 
the formex is used to represent each node, with each signet requiring at least seven 
numbers. Shown in Figure 4.59 is a formex F which has three signets, separated by 
semicolons, representing nodes 1, 2 and 3, respectively. Each of the seven numbers has a 
particular role, with some restrictions placed on the type of the numbers that may be used. 
For example, the first three numbers which are the operation code, the polyhedron code 
and the entity number must all be positive integers. All seven numbers are explained for 
the second signet, which represents node 2. The operation code, polyhedron code and 
entity numbers are all exactly the same as for normal polymation operations.
Polyhedron code Radius 
(12=lcosidodecahedron) Specifier
\ j
Operation code \  Entity /  Entity coordinates of node
(2=edges) \  number /  /  (Uxe.Uye.Uze)
F=[3,9,8,20,0,0,0;2,12,20,15,0.5,0,0;1,7,14,25,0.5,0.5,0]
Signet for node 1 Signet for node 2 Signet for node 3
Figure 4.59: Formex representing three nodes
The formex F cannot be used to display the triangle, so it must be converted using the 
basiretian function. The format of the basiretian function is shown in Figure 4.60, where 
the retronorm is being used to convert the information regarding the three nodes into x-y-z 
coordinates for the nodes. The input formex is F, which was described above, and the 
output formex is G which contains global x-y-z coordinates of the three points.
Output br bye
formex \  bxeX \ \G=br(1,1,1
bze/,1)|F
IBaslfactcrs Input 
Basiretian formex
function name
Figure 4.60: The basiretian function
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The basifactors, which lie within the function parentheses, are applied to four of the 
uniples which make up the specification of a node. To elaborate, the radii of circumsphere 
and the entity coordinates for each node are obtained by multiplying the appropriate 
basifactor by the uniples in the input formex (independent variable). This means that four 
of the parameters for a node are obtained as follows:
Radius of circumsphere = br * r 
Entity coordinates: xe = bxe * Uxe
ye = bye * Uye 
ze = bze * Uze
In the example br, bxe, bye and bze are all equal to 1, so consequently xe = Uxe, ye = Uye, 
ze = Uze and the radius of circumsphere = r for each node. If the basifactor br had been 
equal to 2, for example, the radii of circumsphere for the three nodes would have been 40, 
30 and 50, respectively (i.e. 2*20, 2*15 and 2*25). A plot of formex G, which represents 
the location of the triangle in relation to the global x-y-z coordinate system, may be seen in 
Figure 4.61. In this figure the Cartesian coordinates of each of the three points are shown.
(0.0,-17.889,8.944) z
(-13.513,2.318,3.943)
Node 1 - Vertex 8 of P9 
radius 20 units
Node 2 - 
Centre of edge 20 of P12 radius 15 units
' Node 3 - 
Centre of face 14 of 
P7 radius 25 units
(0.0,0.0,-17.678)
Figure 4.61: Polyhedric configuration produced by basiretian operation
A more elaborate example of using the basiretian function is shown in Figure 4.62. Here, 
a double layer polyhedric configuration has been produced using the basiretian function. 
The upper layer of the configuration is obtained by mapping elements onto face 1 of P9 
(truncated octahedron) and the lower layer by mapping elements onto face 9 of P7 (cub-
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octahedron). Web elements are obtained by connecting nodes with the same entity 
coordinates from the two layers. Illustrated in Figure 4.62(a) are the upper parts of the 
truncated octahedron and the cuboctahedron, which are shown together with the global 
coordinate system. The two polyhedra have a common circumradius of 20 units. Face 1 
of the truncated octahedron and face 9 of the cuboctahedron are indicated. Shown in 
Figure 4.62(b) is the polyhedric configuration produced using the basiretian function, 
where the top, bottom and web elements are indicated along with the global coordinate 
system.
Face 1 o f truncated octahedron
Face 9 of cuboctahedron
 P7 (Cuboctahedron)
 P9 (Truncated octahedron)
(a) View of upper parts of P7 (cuboctahedron) and P9 (truncated octahedron)
Circumradius 
= 20 units
(b) View of polyhedric configuration relative to global coordinates 
Figure 4.62: Double layer polyhedric configuration created using the basiretian function
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The formex formulation required to produce the configuration is shown in Figure 4.63. 
The variable ‘a’ represents the entity coordinates of the nodes of the upper and lower 
layers. The top layer is distinguished from the bottom layer by adding the parameters 7 
and 9 (face 7 of P9) to ‘a’, whilst for the bottom layer the parameters 9 and 1 (face 1 of 
P7) are added to ‘a’. The formex ‘whole’, which represents all the elements of the 
configuration, is obtained by adding the number 20 and the number 1 to each signet of the 
formex. The number 20 represents the common radius of the polyhedra, and the number 1 
represents face mapping, which all nodes are subject to. It may be noticed that the 
basifactors for the entity uniples in the xe and ye directions are equal to 0.1. These 
basifactors are included to ensure that the greatest entity coordinates, which are at 
(10,10,0) are reduced to (10*0.1,10*0.1,0*1) = (1,1,0). All other entity coordinates are 
reduced accordingly. The formex variable H represents the final x-y-z coordinates of the 
configuration.
a=rinid(5,6,2,2)|[0,0,0;2,0,0]#rinid(6,5,2,2)|[0,0,0;0,2,0]
top=pan(l,7)|pan(l,9)|a
bot=pan(l,9)|pan(l,l)|a
web=rinic(3,4,6,6,2,2)l[7,9,0,0,0;9,l,0,0,0]
whole=pan(l,l)|pan(3,20)|(top#bot#web)
H=br(l,0.1,0.1,l)|whole
Figure 4.63: Formex formulation for basiretian example
4.8.3 General Form o f Basiretian Function
The general form of the basiretian function, as shown in Figure 4.64, remains largely the 
same whatever the operation being carried out. In every signet of the argument there must 
be at least 7 uniples to represent each node of the configuration. However, as the general 
form indicates, there is no maximum number of parameters. When a formex is converted 
into global x-y-z coordinates the first seven uniples are converted into three numbers. 
When this happens the uniples that were in positions 8 and over prior to the basiretian 
operation are to be found in positions 4 and over after the basiretian operation. The 
content of any of these extra uniples is entirely to the discretion of the user. In the general
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form the argument (or independent variable) is represented by the formex variable E and 
the dependent variable is represented by the formex G.
Basifactors applied 
to entity uniples 
(Uxe,Uye,Uze)
Basifactor applied 
to circumradius |
Operation code
Polyhedron code 
Entity number 
Radius of circumsphere 
Entity uniples
G=br(br,bxe,bye,bze)l{[oc,pc,n,r,Uxe,Uye,Uze,...;oc,pc,...],[oc,pc,...]}
Basifactors for all nodes First node Subsequent nodes
Figure 4.64: General form of basiretian function
The potential of the basiretian function is limitless. The examples contained within this 
section serve only to explain how polyhedric configurations may be produced using this 
technique, rather than exploring the possibilities in depth. One area which the basiretian 
function is ideally suited to is tensegrity systems. Formulation of such systems is usually a 
highly challenging and notoriously complicated procedure which could be greatly eased by 
the basiretian function. Shown in Figure 4.65 are two examples of configurations which 
could be turned into tensegrity systems if transformed in the appropriate manner [12]. 
They are based on cubes of different radii. Each of these were formulated using the 
basiretian function.
(a) (b)
Figure 4.65: Tensegrity systems
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4.9 Pod Function
When creating polyhedric forms, and in particular when forms based on different 
polyhedra are combined, it is often necessary to know precise dimensions and angles of the 
objects. This may be achieved with reference to Table 2.2 which contains data for all 
objects required. However, there are certain drawbacks to having to look up the data. 
Apart from the fact that errors might be made when copying the information, the list is not 
comprehensive and omits various useful properties, such as radii of insphere to all faces 
when there is more than one face.
In order to avoid these problems, the ‘pod’ function may be used. Pod is short for 
‘Polyhedron Data’, as it provides a wealth of data information for each of the polyhedra. 
The pod function is a numeric fonction in that the output is always a number, rather than a 
formex. Consider a situation where the number of faces that a cuboctahedron has is 
required. Obtaining this information using the pod function would be carried out using a 
statement similar to that shown in Figure 4.66. The argument of the function is the 
polyhedron code, which for the cuboctahedron (P7) is 7. The ‘pod code’ is an integer 
which depends on the data of the polyhedron that is required. In this example the pod 
code is 1, which signifies that the total number of faces has been requested. In the case of 
the cuboctahedron the total number of faces is 14, which would be the value that the 
variable ‘num’ in the example would take. The number 14 would be returned as an 
integer, since the number of faces of a polyhedron is an integer constant.
Pod code Polyhedron code 
(1 =no. of faces) (7=ouboctahedron)
num=pod(1)|7
\
Pod fonction nameNumber returned 
by pod fonction
Figure 4.66: Using the pod function to obtain polyhedral data
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In some instances, two pod codes may be given. Such a case is illustrated in Figure 4.67, 
where the polyhedron code of 7 illustrates that data regarding the cuboctahedron is again 
being sought. The reason that two pod codes have been given is that more specific 
information is required. The cuboctahedron is comprised of a number of triangular and 
square faces. In the first example the total number of faces was desired, but in this case 
the number of square faces is required. The first pod code is again 1 which means 
information regarding faces is sought. The second pod code, which is 2, specifies which 
set of faces are designated. In this situation a second pod code of 1 specifies those faces 
with fewest sides (triangles in the case of the cuboctahedron) and a second pod code of 2 
specifies those faces with next fewest sides (squares in the case of the cuboctahedron). 
So, in this instance, the number returned (i.e. the value of num) would be 6, since the 
cuboctahedron has 6 square faces. This number is again returned as an integer.
First pod code Polyhedron code
(1=no. of feces) (7=cuboctahedron)
num=pod(1,2)|7 \
Number returned .by pod function (2 -faces with second fewest number of edges 
- squares in the case of 
the cuboctahedron)
Figure 4.67: The pod function with two pod codes
These two examples involving usage of the pod function have both returned integers as the 
output of the function. However some of the polyhedron data is returned in the form of a 
floatal number. One such property of the polyhedra is the dihedral angle. The dihedral 
angle for the dodecahedron would be obtained by a statement similar to that shown in 
Figure 4.68. The output of this pod operation is the number ‘num’. Since the dihedral 
angle of a polyhedron is not regarded as an integer number, the variable num will return a 
floatal value. In this case the dihedral angle of a dodecahedron is approximately equal to 
116.565°. The floatal number returned by the pod function reflects the accuracy of the
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computer being used, so would be given to 15 decimal places if that is the precision of the 
computer.
Pod code Polyhedron code
(7=dlhedral angle) (4=dodecahedron)
num=pod(7)|4\
Number returned 
by pod function 
(floatal number for 
dihedral angle)
Figure 4.68: Pod function that produces floatal output
A full list of pod codes is contained in Table 4.6. Given in the table are the pod codes for 
each of the available data items. The first pod code is given the label p, and the second is 
given the label q, which correspond to the parameters shown in the general form of the 
pod function in Figure 4.69. If there is no second pod code (q in the table) then just one 
should be supplied. All pod codes and polyhedron codes must be integers.
Polyhedron code
First pod code \num=pod(p,q)|pc
Î
Second pod code
Figure 4.69: General form of pod function
All of the data items have abbreviated versions, which are shown in Table 4.6. For 
example, the distance from the centre of a face to the corner of a face is listed as h2. The 
nature of this quantity, and of some of the others not previously discussed, is illustrated in 
Figure 4.70, which is a diagram of a cuboctahedron showing a number of the data items. 
Indicated in Table 4.6 is the nature of the returned number, that is, whether it is an integer 
or a floatal number. Also specified are the units that the data is given in. Information such
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Pod
Codes
Return Ab J/F Example of 
output
P q1 Total number of faces F Int pod(l)|ll=261 1 Number of faces with fewest edges pod(l,l)|ll=121 2 Number of faces with next fewest edges (*) pod(l,2)|ll=8
1 3 Number of faces with next fewest edges (*) pod(l,3)ill=6
2 Number of edges E Int pod(2)|8=36
3 Number of vertices V Int pod(3)|15=24
4 Smallest radius of insphere (largest sphere L Ri Fit pod(4)|17=2.065
that may fit within polyhedron)
4 1 Radius of insphere for smallest faces L pod(4,1)117=2.157
4 2 Radius of insphere for next smallest faces (*) L pod(4,2)| 17=2.118
4 3 Radius of insphere for next smallest faces (*) L pod(4,3)| 17=2.065
5 Radius of intersphere L Rt Fit pod(5)|5=0.809
6 Radius of circumsphere L Rc Fit pod(6)|215=0.987
7 Dihedral angle (if there is more than one, it is the one Da Fit pod(7)|18=159.095
between the smallest face and the next smallest face)
7 m,n Da between faces witli sides m and n pod(7,10,6)118= 142.623
8 Central angle of an edge Ca Fit pod(8)|9=143.130
9 Mitre angle of an edge Ma Fit pod(9)|4=20.905
10 Distance from centre of face to centre of edge L hi Fit pod(10)| 11=0.5
(for smallest face)10 1 hi for smallest face L pod(10,l)|ll=0.510 2 hi for next smallest face (*) L pod(10,2)| 11=0.86610 3 hi for next smallest face (*) L pod(10,3)|l 1=1.207
11 Distance from centre of face to corner of face L h2 Fit pod(ll)|17=0.577
(for smallest face)11 1 h2 for smallest face L pod(ll,1)117=0.57711 2 li2 for next smallest face (*) L pod(l 1,2)117=0.13711 3 h2 for next smallest face (*) L pod(l 1,3)117=0.851
12 Angle subtended by hi at centre of polyhedron al Fit pod(12)|18=7.623
(for smallest face)12 1 al for smallest face pod(12,1)118=7.623
12 2 al for next smallest face (*) pod(12,2)118=13.28312 3 al for next smallest face (*) « pod(12,3)l 18=24.095
13 Angle subtended by h2 at centre of polyhedron a2 Fit pod(13)|ll=17.764
(for smallest face)
13 1 a2 for smallest face pod(13,1)111=17.764
13 2 a2 for next smallest face (*) pod(13,2)111=25.561 .
13 3 a2 for next smallest face (*) pod(13,3)l 11=34.316
NB:
Ab abbreviation for quantity computed
VF output is integer or floatal
(*) if applicable
L output is expressed in terms of edge length. For example, the radius of intersphere
of P5 (icosahedron) is 0.809 x the edge length L 
° output is expressed in terms of degrees
Table 4.6: Summary of pod codes
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as number of edges, number of vertices etc. are just numbers. Angles are all given in 
degrees, and distances, such as the radius of intersphere, are given in terms of a ratio to the 
edge length. For example, the radius of intersphere of an icosahedron is 0.809 (to 3dps) 
times the edge length of the icosahedron. For each data item available with the pod code 
an example of the output is provided.
Centre
Centre of polyhedron
Figure 4.70: Visual representation of data available using the pod function
It may be seen from Table 4.6 that there is one piece of data which requires more than two 
pod codes. To elaborate, for some Archimedean polyhedra there are a number of possible 
dihedral angles between the different faces. When a specific dihedral angle is required, 
between two nominated faces, three pod codes are required. The nature of these may be 
seen from the example in Figure 4.71, which relates to P l l  (great rhombicuboctahedron). 
The first pod code given is a 7, to indicate a dihedral angle is being requested. The 
following two pod codes are used to specify which type of faces the desired angle is 
between. The number 4 indicates square faces and the number 6 indicates hexagonal 
faces, so the returned number is this case is 144.736° which is the dihedral angle between 
square and hexagonal faces on a great rhombicuboctahedron. These two latter parameters 
may be given in any order.
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First pod code 
(7=dlhedral angle)
Polyhedron code
(11 =great rhombi­cuboctahedron)
num=pod(7,4,6)|11
Second pod code Third pod code
(4=faces with 4 sides (6=faces with 6 sides I.e. squares) i.e. hexagons)
Figure 4.71: Dihedral angle requiring three pod codes
4,9.1 Applications o f the Pod Function
A prominent advantage of the pod function is that a simple function designation may be 
used in place of a complex formula during operations involving polyhedra. It is often the 
case that a formulation is repeated with a number of different polyhedra. For example it 
might be desired that a series of polyhedra each with edge lengths of 5 units are created. 
In order for the edge lengths to be 5 units, the circumradii of the polyhedra must be 
calculated. They could be calculated for each case, or alternatively the pod function could 
be used as follows:
Rc=5*pod(6)|poly
Here, the variable ‘poly’ represents the polyhedron code of the polyhedron being 
considered, and Rc represents the radius of circumsphere required to give an edge length 
of 5 units. The polyhedron could then be created using the following statement:
F=pol(2,poly,’[all]’,Rc,[0;10])|[0,0;10,0]
In this formulation F represents the configuration that has been created. Simply by 
changing the value of the variable poly a whole series of polyhedra with an edge length of 
5 units may be created, the circumradii being automatically calculated.
Oliver C Champion Page 163
Chapter 4: Polymation Function PhD Thesis
Another example of the usage of pod function may be seen in Figure 4.72. Here, an 
octahedron has been inserted into a cube so that each vertex of the octahedron is 
coincident with the centre of a face of the cube. In order for this to be achieved the radius 
of circumsphere of the octahedron must be equal to the radius of insphere of the cube.
Figure 4.72: Usage of pod function
The pod function is used in this instance to calculate the value of the radius of circum­
sphere of the cube which will give a radius of insphere equal to the radius of circumsphere 
of the octahedron. If Rcl represents the circumradius of the octahedron, Rc2 represents 
the circumradius of the cube and Ri represents the radius of insphere of the cube, the 
following is true for all values of Rcl :
Ri=Rcl
Rc2=Ri*pod(6)|2/pod(4)|2
This is a fairly trivial example of the merits of the pod function, which can be extremely 
useful when more complicated operations are being performed. It is extremely helpful to 
have a foolproof data backup to the polymation function.
Oliver C Champion Page 164
CHAPTER
Tractation Function
The basic idea of a Formian function to enable projection of configurations onto a number 
of surfaces has existed for some time. The philosophy has developed along a number of 
different lines. These strands have been brought together into the ‘tractation function’ 
which allows for a wide variety of projection transformations to be carried out. Eighteen 
standard surfaces have been implemented, in addition to the ‘raft surface’ which allows 
projection onto any surface defined by the user. The projection may be carried out using 
one of four projection techniques, which can produce radically different results even when 
the configuration being projected and the surface being projected onto remain the same. 
As with the polymation function, the tractation function allows for ‘selective’ (or multiple 
node group) situations. However, the tractation function is more flexible in this respect, as 
different groups may use different projection types as well as different projection surfaces.
All aspects of tractation are explained within this chapter, including a full description of 
how the function is used. Appropriate examples are inserted where necessary. This begins 
with a brief explanation of the basic concepts involved.
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5.1 Tractation Basics
The configuration shown in Figure 5.1 has been created by mapping a triangular object 
onto the top five faces of an icosahedron. Each member of this configuration is of the 
same length. If this configuration is now projected onto a sphere whose centrepoint is 
coincident with that of the polyhedric configuration the result is as shown in Figure 5.2. In 
this newly transformed configuration all of the nodal points now lie on the surface of the 
sphere. Consequently, the members no longer have identical lengths. This is a very simple 
example of the principle of tractation.
Figure 5.1: Configuration created using polymation fimction
Figure 5.2: Configuration afl:er tractation
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In this context the word ‘tractation’ is interchangeable with the word ‘projection’. For 
example, one can either refer to projection onto a surface, or tractation onto a surface.
Further examples of projection are shown in Figure 5.3. These configurations have been 
created by projecting a polyhedric configuration based on the upper part of an octahedron 
onto different surfaces. In Figure 5.3(a), a sphere has been used as the basis for tractation, 
in Figure 5.3(b) an ellipsoid has been used, and in Figure 5.3(c) the configuration has been 
mapped onto a cone.
(a) (b)
Figure 5.3: Further examples of tractation
(c)
These are a sample of the surfaces that are available with the tractation function. Full 
details of each of these and the others available are given in due course. Firstly though, a 
description of the different types of projection available is provided.
5.2 Projection Types
All of the forms used in the above examples have been created using a single projection 
point. This type of projection is known as ‘central projection’. There are however three 
types of projection in total which need to be considered, the other two being parallel 
projection, axial projection. There follows a description of each of these, as well as radial 
projection which is a special case of central projection.
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5.2.1 Central Projection
With central projection a single point is specified as the centre of the projection. Each 
point of a configuration is projected individually, so member lengths are likely to change in 
the tractation process. The location of a point after projection is determined as being the 
intersection of the surface being projected onto, and the ‘projection line'. The projection 
line, or ‘line of projection’, is in this instance a line containing the centre of projection, and 
the point being projected. This may be seen clearly with reference to Figure 5,4. The 
centre of projection is indicated and the points to be projected are PI, P2 and P3. When 
projected onto the surface, their projected positions are Tl, T2 and T3, respectively.
1372
pi;
Projection surfaceP2
Centre of 
projection
Figure 5.4 : Central projection
5.2.2 Parallel Projection
Instead of a point, a line indicating the direction of projection must be specified for parallel 
projection. Each point to be projected has its own line of projection, this being parallel to 
the specified direction of projection. The projected position of a point is at the intersection 
of the individual projection line of a point, and the surface. This may be seen in Figure 5.5 
where the direction of projection is shown and the points to be projected are PI, P2 and 
P3. The projections of the three points are Tl, T2 and T3, respectively. The individual 
lines of projection are labelled LI, L2, L3 to show that each point has its own individual 
projection line.
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T2V 13
surface /P 3
Direction of 
projectionL 2//
Figure 5.5 : Parallel projection
5.2.3 Axial Projection
Axial projection is the next type of projection to be considered. A line specifies an ‘axis’ 
of projection. As with parallel projection, each point to be projected has its own line of 
projection. This line passes through the point itself and intersects at right angles with the 
axis of projection. This may be seen in Figure 5.6 where the three points to be projected 
are PI, P2 and P3 and their respective lines of projection are LI, L2 and L3. Each of 
these lines can be seen to intersect at right angles with the axis of projection. The 
projected position of a point is the intersection of the line of projection and the surface as 
shown in Figure 5.6. The projected positions of the points PI, P2 and P3 are Tl, T2 and 
T3, respectively.
L3Projection p 2  
surface P3
Axis of 
projection
Figure 5.6 : Axial projection
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5.2.4 Radial Projection
The final type of projection, radial projection, is a special case of central projection. For a 
radial projection the centre of projection is coincident with the centre of the surface (i.e. 
sphere, ellipsoid etc.). It is therefore, identical to central projection, with it being 
unnecessary to specify a centre of projection, as this is coincident with the centre of the 
surface. Figure 5.7 shows this with respect to a sphere. The centre of the sphere, and 
therefore the centre of projection, is shown. The points to be projected are labelled PI, P2 
and P3. When projected onto the surface, their projections are Tl, T2 and T3, 
respectively.
/  ,^ P 3  Sphere\ / /Centre of Centre of
sphere projection
/  /  \
Figure 5.7 : Radial projection
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The effect of using different projection types may be seen in Figure 5.8. The 16x16 plane 
grid shown in Figure 5.8(a) has been projected onto the same sphere using the four 
different projection methods, the results being shown in Figure 5.8(b) to Figure 5.8(e). 
The projections are, respectively, central, parallel, axial and radial. To the right of each 
projection is a section through the centre of the sphere showing how the projection works. 
For the axial projection, an additional plan is shown to clarify the situation.
In the diagrams the letters take the following meaning: G - grid being projected, S - centre 
of sphere, C - centre of projection, D - direction of projection, A - axis of projection. 
These letters are also used on the plan and elevation sketches which follow in this chapter.
(a) Grid used as basis for projection examples 
Figure 5.8 (part i): Projection types
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(b) - Central projection
S
(c) - Parallel projection 
Figure 5.8 (part ii): Projection types
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Elevation
Plan
(d) - Axial projection
(e) - Radial projection 
Figure 5.8 (part Hi): Projection types
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5.3 Standard Projection Surfaces
A configuration may be projected onto any surface that can be specified mathematically 
(i.e. any surface that can be put in terms of a formula). Eighteen such surfaces have been 
selected for inclusion in the standard tractation function and are available for mapping 
onto. The available surfaces, which are listed in Table 5.1, cover the most common 
surfaces that are usually required. All of the surfaces, with the exception of the plane, are 
quadratic in nature.
The list is by no means intended to be exhaustive as there are many other fascinating 
surfaces that could be included. The order in which the surfaces are listed has the 
quadratic surfaces listed before the two definitions of the plane. The order of the quad­
ratic surfaces has little significance, although the cylinders are grouped together and the 
only closed surfaces, the sphere and the ellipsoid, are placed at the top of the list.
1 Sphere 10 Rectangular hyperbolic paraboloid
2 Ellipsoid 11 Hyperboloid of one sheet
3 Paraboloid 12 Elliptic hyperboloid of one sheet
4 Elliptic paraboloid 13 Hyperboloid of two sheets
5 Cylinder 14 Elliptic hyperboloid of two sheets
6 Elliptic cylinder 15 Cone
7 Parabolic cylinder 16 Elliptic cone
8 Hyperbolic cylinder 17 Plane defined by three points
9 Hyperbolic paraboloid 18 Plane defined by normal
Table 5.1: Standard tractation surfaces
Shown in Figure 5.9 are three dimensional views of twelve of the surfaces. Six surfaces 
are not shown here for varying reasons. In five cases the omitted surface is a variant of 
one of the others shown. For example, the paraboloid is a special case of the elliptic 
paraboloid where two of the semiaxes are equal. The reason for the absence of the sixth 
surface is that only one plane has been shown. Since the plane may be specified in two 
ways it is classified as two surfaces, even though they are identical.
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Sphere
Elliptic
cylinder
Hyperboloid 
of one sheet
Ellipsoid
Parabolic
cylinder
Hyperboloid 
of two sheets
Paraboloid
Hyperbolic
cylinder
Cone
Cylinder
Hyperbolic
parabdoid
Plane
Figure 5.9: Standard tractation surfaces: 3D view
The orientation of each surface has been carefiilly considered so as to provide the most 
convenient position for projection. In all cases the axis either runs parallel to the x-axis or 
the z-axis. Since projection in the direction of the z-axis is the most common type of 
projection, the surfaces have been oriented with consideration of this. For example, if the 
cylinders had their axes parallel to the z-axis it would not be very convenient to project in 
that direction since lines of projection parallel to the z-axis would miss the surface.
Each of the eighteen standard surfaces is described fully here, including illustrations of 
how the transformations may be applied. A nineteenth surface, known as the ‘raft surface’ 
allows tractation onto user defined surfaces. The concepts behind the raft surface are 
outlined fully in the next section.
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The projection examples used for the surfaces in this section generally use a plane grid. 
This is so that the surfaces may be easily viewed without the additional complication of a 
complex configuration. More expressive examples which demonstrate further the 
capabilities of tractation function are contained in a later chapter concerning geodesic 
configurations.
5.5.7 Sphere
A sphere is defined as ‘a closed surface that is the locus of all points that are at a fixed 
distance R (the radius) from a given point C (the centre)’. To be described fully, the 
coordinates of the centre, which are (xc,yc,zc), along with the radius are required. These 
parameters may be seen from Figure 5.10 which shows the sphere diagramatically. The 
equation of a sphere is:
(x -  xcy  + ( y - y c y  + ( z -  zcy -
C (xc.yc.zc)
Figure 5.10: Sphere
Examples involving projection onto a sphere were used in the previous sections to 
illustrate the different projection techniques. The following example shows what may be
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achieved using central projection when the centre of projection is not in a line with the 
centre of the object being projected. The plane grid shown in elevation and plan in Figure 
5.11(a) has been projected onto a sphere, with the centre of projection in a vertical line 
with the bottom left hand comer of the grid, as shown. The result of the projection may 
be seen in Figure 5.11(b) which is a plan view. It is noticeable that the nodes on the two 
edges adjacent to the line of the centre of projection remain in a straight line.
Elevation
Plan
(a) Plane grid to be projected (b) Grid after projection
Figure 5.11: Projection onto sphere
5.3.2 Ellipsoid
An ellipsoid is a closed surface where all sections are either ellipses or circles (a sphere is 
in fact a regular ellipse). It is symmetrical with respect to the three planes determined by 
three lines which are the principal axes of the ellipsoid. The largest axis is the major axis 
and the smallest axis is the minor axis. The third axis perpendicular to the other two is the 
mean axis. The intersection of these lines is the centre C. These may be seen in the 
diagram of an ellipsoid in Figure 5.12, where the three planes are parallel to the x, y and z 
axes. The semiaxes in the x, y and z directions are of magnitudes a, b arid c, respectively. 
The equation of the ellipsoid is:
{ x - x c f  i y - y c f  . { z - z c f  ^
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The centre of the ellipsoid, C is at the point (xc,yc,zc).
0  (xc,yc,zc)
Figure 5.12: Ellipsoid
Shown in Figure 5.13 are two examples of tractation onto an ellipsoid. The object which 
has been projected is again a plane grid, but denser than the one shown in Figure 5.11(a). 
The dimensions for the two ellipsoids are different, as are the projection methods used. In
(a) Parallel projection 
Figure 5.13 (part i): Projection onto ellipsoid
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(b) Axial projection 
Figure 5.13 (part ii): Projection onto ellipsoid
Figure 5.13(a) parallel projection has been employed, whilst in Figure 5.13(b) axial 
projection is the chosen mode of projection. These facts may be seen from the elevations 
shown to the side of the figures. The effect that the changes in dimensions and projection 
mode has on the outcome may be clearly seen from the two configurations.
5.3.3 Paraboloid
A paraboloid is obtained by rotating a parabola about its axis to create a surface of 
revolution, as shown in Figure 5.14(a). A section taken through a paraboloid, parallel to 
the x-z plane, is shown in Figure 5.14(b). It may be seen that the axis of the parabola 
being rotated runs parallel to the z axis, and the surface opens downward. A section taken 
parallel to the x-y plane will be a circle. The dimensions of the parabola are dictated by the 
values of the semiaxes a and b, measured from the C-point which has coordinates
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(xc,yc,zc). The relationship between the various parameters may be seen from the 
equation of the paraboloid, which is:
( x - x c f + ( y - y c Ÿ  z-Çzc + c) „
Any line running parallel to the axis of a paraboloid (i.e. parallel to the z-axis) will cut the 
surface just once, whereas all other lines will cut it either twice or not at all.
X
y C (xc.yc,zc)
(a) Isometric view
Axis of the 
paraboloid
y (upward)
(b) Section though paraboloid parallel to x-z plane 
Figure 5.14: Paraboloid
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Examples of mapping onto a paraboloid are given in Figure 5.15. The object used in the 
projection is a square plane grid. In the first case, Figure 5.15(a), axial projection has
(a) Axial projection
(b) Parallel projection 
Figure 5.15: Projection onto paraboloid
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been used for tractation onto a paraboloid, whilst in the second case, Figure 5.15(b), 
parallel projection has been used. Elevations of the projections are shown to the right of 
the figures.
5.3.4 Elliptic Paraboloid
The elliptic paraboloid shown in Figure 5.16 also has its axis parallel to the z-axis. Again, 
any section taken perpendicular to the x-y plane (i.e. parallel to the z-axis) will be a 
parabola. However, a section taken parallel to the x-y plane will be an ellipse instead of 
the circle which would result with a paraboloid. In order for the elliptic paraboloid to be 
defined, the coordinates of the C-point, specified by (xc,yc,zc), and the three semiaxes a, b 
and c must be given. These are in the x, y and z directions, respectively. The equation of 
the elliptic paraboloid is:
(3c-*cf ( y - y c f  z - (z c + c )  „
 3------= °
y C (xc,yc,zc)
Figure 5.16: Elliptic paraboloid
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5.5.5 Circular Cylinder
A cylinder is created by moving a curve (i.e. circle, ellipse, parabola etc.) parallel to an 
axis. In Figure 5.17 the curve used is a circle and the axis of the surface runs parallel to 
the x-axis. The result is a circular cylinder, whose size is determined by the radius R. The 
location of the axis A of the cylinder is at the coordinates (yc,zc) for all values of x. The 
equation of the circular cylinder is:
(y -  y c y  +(%- zcŸ  =
A(yc,zc)
Figure 5.17: Circular cylinder
In Figure 5.18 a grid has been projected onto a circular cylinder. The grid used for 
projection has more units running in the direction parallel to the axis of the cylinder rather 
than perpendicular to it. The method used for tractation onto the cylinder is axial 
projection, with the axis of projection running parallel to the x-axis. By doing this the 
units running in the x-direction remain the same distance apart. Two views of the 
tractation are given. The first of these, Figure 5.18(a) shows a standard isometric angle on 
the configuration, whilst the second view. Figure 5.18(b) gives a perspective view from 
underneath the projected configuration. The diagram to the right of the isometric view 
shows an elevation of the mapping situation. As the axis of projection is viewed end-on it 
appears as a dot.
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(a) Isometric view
(b) Perspective view 
Figure 5.18: Projection onto circular cylinder
5.3.6 Elliptic Cylinder
The elliptic cylinder is similar to the circular one, the difference being that the curve used 
to produce it is an ellipse rather than a circle. The dimensions of the two semiaxes, a and 
b, are required, along with the position of the axis A (yc,zc) of the cylinder. An elliptic 
cylinder, such as that in Figure 5.19 has the following equation:
{ y - y c y  ( z - z c y  .
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A (yc,zc)
Figure 5.19: Elliptic cylinder
In Figure 5.20 is an example of a tractation onto an elliptic cylinder, using axial projection. 
The axis of the cylinder runs parallel to the x-axis, as does the axis of projection. The 
configuration that has been projected has more units parallel to the axis of the cylinder 
than perpendicular to it. The view of the conjBguration after tractation in Figure 5.20 is a 
perspective view along the inside of the cylinder, which gives it the appearance of a 
‘tunnel’. The size of the elliptical cross-section of the cylinder is set by the parameters a 
and b, as defined in Figure 5.19. It may be noticed from Figure 5.20 that the value of b, 
which specifies the size of the ellipse in the z direction, is greater than that of a, which 
specifies the size of the ellipse in the y direction.
Figure 5.20: Projection onto elliptic cylinder
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5.3.7 Parabolic Cylinder
The parabolic cylinder, is similar to the circular and elliptic cylinders, but with a cross- 
section that is a parabola. In order to produce the one shown in Figure 5.21 the 
coordinates of the axis A (yc,zc), along with the parameters a and b are required. The 
semiaxes a and b dictate the size of the parabolic cross-section of the cylinder. The 
following equation shows the relationship between these parameters:
I
A (yc,zc)
Figure 5.21: Parabolic cylinder
A plane grid has been used to create the example for the tractation onto a parabolic 
cylinder as shown in Figure 5.22, The mode of projection used is axial, with the axis of
Figure 5.22: Projection onto parabolic cylinder
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projection running parallel to the axis of the cylinder. The view of the projected config­
uration is a perspective view which shows the proportions of the parabolic cross-section.
5.3.8 Hyperbolic Cylinder
The hyperbolic cylinder, is similar to the other three cylinders, but with a cross-section that 
is a hyperbola. The hyperbolic cylinder actually comes in two parts, with a section above 
and a section below the central axis A, specified by coordinates (yc,zc). The parameters a 
and b in the y and z directions, respectively, set the location of the apex of each curve as 
well as the slope of the asymptotes for the curve. The equation of the cylinder is obtained 
by relating the parameters in the following way:
(z-zcy = - la
A (yc,zc)
Asymptotes for 
the hyperbola
Figure 5.23: Hyperbolic cylinder
An example of projection onto a hyperbolic cylinder is shown in Figure 5.24. Axial 
projection has been used to project a plane grid onto the cylinder to produce the config­
urations shown. The isometric view of the cylinder shows that the lower part of the 
hyperbola has been used for the projection.
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\
Figure 5.24: Projection onto hyperbolic cylinder 
5.3,9 Hyperbolic Paraboloid
The hyperbolic paraboloid illustrated in Figure 5.25 has its axis parallel to the z-axis. This 
means that any section taken parallel to the x-y plane will be a hyperbola, and any 
perpendicular to the x-y plane (i.e. parallel to the z-axis) will be a parabola. In order to be 
defined, the coordinates of the C-point and the three semiaxes are required. The two 
semiaxes which run in the x and y directions are both equal to a, with the one running in 
the z direction equal to b. The fact that the semiaxes in the x and y directions are equal 
means that the asymptotes to the hyperbolas run at 90° to each other, as demonstrated in 
Figure 5.26. The equation of the hyperbolic paraboloid is as follows:
{x -  XCŸ -  iy  -  y c f  z - ( z c  + c)
=  0a
The coordinates of the C-point are (xc,yc,zc). As with the paraboloid, a line running 
parallel to the z-axis will cut the surface of the hyperbolic paraboloid just once, whilst lines 
not parallel to the z-axis will either cut it twice or not at all.
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Axis of the 
hyperbolic paraboloid
C (xc,yc,zc)
Figure 5.25: Hyperbolic paraboloid
y
0  (xc,yc.zc)
Asymptotes for the hyperbola
Xz (upward)
Figure 5.26: Section through hyperbolic paraboloid parallel to x-y plane
A dense grid has been used to provide the examples for tractation onto hyperbolic 
paraboloids in order to show details more clearly. In the first example, shown in Figure 
5.27(a) central projection has been used, whilst in the second example, in Figure 5.27(b), 
parallel projection has been used. In both cases it may be clearly seen why the hyperbolic 
paraboloid is often referred to as a saddle.
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(a) Axial Projection
(b) Parallel projection 
Figure 5.27; Projections onto hyperbolic paraboloid
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5.3.10 Rectangular Hyperbolic Paraboloid
The rectangular hyperbolic paraboloid dififers from the hyperbolic paraboloid in that the 
semiaxes in the x and y directions are not equal. This may be seen from the diagram of the 
rectangular hyperbolic paraboloid in Figure 5.28 where the three semiaxes a, b and c for 
the X, y and z directions, respectively, are shown. The equation of the rectangular 
hyperbolic paraboloid is therefore as follows:
{ y ~ y c Ÿ  z-{zc-\-c)
=  0a
Axis of the paraboloid
C (xc,yc,zc)
Figure 5.28: Rectangular hyperbolic paraboloid
y
<45'
Asymptotes for 
the hyperbola
Xz (upward)
Figure 5.29: Section through rectangular hyperbolic paraboloid
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Shown in Figure 5.29 is a section through the rectangular hyperbolic paraboloid taken 
parallel to the x-y plane. This shows that the asymptotes for the hyperbola now no longer 
meet at right angles. In this example the distance a is greater than b so the angle shown 
will be less than 45°. The comers of the asymptotes form a rectangle which is where this 
type of hyperbolic paraboloid derives its name from.
5.3.11 Hyperboloid o f One Sheet
The axis of the hyperboloid of one sheet, illustrated in Figure 5.30, has its axis parallel to 
the x-axis. In this case any section taken parallel with the x-axis will be a hyperbola and 
any taken perpendicular (ie parallel to the y-z plane) will be a circle. The parameters 
required to define the hyperboloid of one sheet are the coordinates of the centre point C, 
which are (xc,yc,zc), and the two semiaxes a and b, which are as shown in the diagram. 
The equation of the hyperboloid of one sheet is as follows:
(x -  x c f  (y -  y c y  + ( z -  z c f
-  - 1a
C  (xc,yc,zc)
Figure 5.30: Hyperboloid of one sheet
There are two examples of tractation onto the hyperboloid of one sheet shown in Figure 
5.31. In the first of these, Figure 5.31(a), radial projection has been used, with the axis of 
projection running parallel to the axis of the surface. In the second example, Figure
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5.31(b), central projection has been employed. In both cases the grid used is dense enough 
to show a considerable amount of detail.
(a) Radial Projection (b) Central Projection
Figure 5.31; Projection onto hyperboloid of one sheet
5.3.12 Elliptic Hyperboloid o f One Sheet
The elliptic hyperboloid of one sheet differs from the hyperboloid of one sheet in that 
sections taken perpendicular to the axis are ellipses instead of circles. With the elliptic 
hyperboloid of one sheet, shown in Figure 5.32, the axis runs parallel to the x-axis. This 
means sections through the surface taken parallel to the y-z plane are ellipses, with 
semiaxes b and c. The third semiaxis, a, dictates the gradient of the asymptotes for the 
hyperbolas.
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The equation of the elliptic hyperboloid is as follows:
{ x - x c f  ( y - y c f  { z - z c f
=  - la
C (xc,yc,zc)
Figure 5.32: Elliptic hyperboloid of one sheet 
5.3.13 Hyperboloid o f Two Sheets
The hyperboloid of two sheets, illustrated in Figure 5.33, has its axis parallel to the z-axis. 
This change of orientation from the hyperboloid of one sheet is because there is now a 
‘gap’ in the surface which is not conducive to good projection in the z direction. With the 
hyperboloid of two sheets such as this, any section taken parallel to the z-axis will be a 
hyperbola, and any taken parallel to the x-y plane (i.e. perpendicular to the z-axis) will be a 
circle. In order to be defined, the coordinates of the C-point and the two semiaxes a and b 
are required. These parameters dictate where the vertices of the two parts of the surface 
will be, as well as the gradient of the asymptotes. The equation of the hyperboloid of two 
sheets is as follows:
(x -  x c f  + ( ) / -  y c f  (z -  z c f = - la
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Asymptotes for the h^erbolas
C (xc,yc,zc)
Figure 5.33: Hyperboloid of two sheets
Examples of tractation onto the hyperboloid of two sheets are shown in Figure 5.34. In 
the first of these, Figure 5.34(a), central projection has been used to project onto the lower
?
G
(a) Central projection 
Figure 5.34 (part i): Projection onto hyperboloid of two sheets
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(b) Parallel projection showing both sheets of hyperboloid 
Figure 5.34 (part ii): Projection onto hyperboloid of two sheets
sheet of the hyperboloid to produce the configuration shown. In Figure 5.34(b) parallel 
projection has been used to project the same grid onto both sheets of the hyperboloid. The 
angle of viewing has been selected so that both sheets are visible.
5.3.14 Elliptic Hyperboloid o f Two Sheets
The elliptic hyperboloid of two sheets, illustrated in Figure 5.35, differs from the 
hyperboloid of two sheets in that a section taken parallel to the x-y plane will be an ellipse
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rather than a circle. Consequently three semiaxes are required, of which a and b are used 
to set the parameters for the ellipse. The centre point of the surface is at C which has 
coordinates (xc,yc,zc). The equation of the elliptic hyperboloid of two sheets is as 
follows:
{ z - z c ) ‘i x - x c )  ( y - y c y = - l
Asymptotes for the hyperbolas
C  (xc,yc,zc)
Figure 5.35: Elliptic hyperboloid of two sheets
5.3.15 Cone
The cone, as illustrated in Figure 5.36 is a special case of the hyperboloid, being the middle 
ground between the hyperboloids of one and two sheets. The axis of the cone runs parallel 
to the z-axis so a section taken perpendicular to this axis (parallel to the x-y plane) will 
result in a circle. A section taken parallel to the z axis will result in a hyperbola. In order 
to be defined, the coordinates of the C-point (xc,yc,zc) and the values of the two semiaxes
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a and b are required. The parameters a and b set the slope of the sides of the cone. The 
equation of the cone is as follows:
(x -  xcy  +(_y- ycY (z -  zc f
a =  0
C  (xc,yc,zc)
Figure 5.36: Cone
Shown in Figure 5.37 are two examples of tractation onto a cone. In the first of these, 
Figure 5.37(a), central projection has been used for projection onto the upper portion of a 
cone. In this instance the vertex of the cone is at the lowest point of the projected 
configuration. The second example, in Figure 5.37(b) involves parallel projection onto the 
lower part of a cone. Since parallel projection has been used the configuration may be 
replicated, as shown, with the edges of the configurations matching up.
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(a) Central projection
%
(b) Replication of configuration created by parallel projection 
Figure 5.37; Projection onto cone
5.3.16 Elliptic Cone
A section taken through the elliptic cone parallel to the x-y plane will be an ellipse rather 
than a circle as with the cone. For this reason three semiaxes are required, which are 
marked on the diagram of the elliptic cone in Figure 5.38 as a, b and c. These are in the x,
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y and z directions, respectively. The coordinates of the centre C of the elliptic cone are 
(xc,yc,zc). The equation of the elliptic cone is as follows;
(x-xc)^  { y - y c f  { z - z c f  ^
C  (xc,yc,zc)
Figure 5.38: Elliptic cone
5.3.17 Plane
A plane is a surface such that a straight line joining any two of its points lies entirely in the 
surface. It may be defined uniquely by either giving three points that lie in the plane, or by 
giving a normal that is perpendicular to the plane. These two possibilities are illustrated in 
Figure 5.39. In Figure 5.39(a) the three-point form is used. In Figure 5.39(b) the points N 
and T have been defined. The line joining any point P to T will be perpendicular to the line 
from N to T.
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(a) (b)
Figure 5.39: Plane
Projection onto a plane may be carried out for a number of reasons. As an example the 
configuration created by projecting a plane grid onto an elliptic cylinder (Figure 5.20) has 
been projected back onto the x-y plane. The result is as shown in Figure 5.40. In the x 
direction all lines are at an equal spacing, whilst in the y direction the spacing is greater in 
the middle than at the edges of the configuration. This projection could be carried out 
using either of the two techniques outlined above. It is a matter of convenience whether 
the plane is specified by three points lying in it or a normal to it.
Figure 5.40: Projection onto a plane
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5.4 Raft Surface
The eighteen surfaces (including two definitions of the plane) outlined in the preceding 
section represent a wide range of possible surfaces that may be used for projecting onto. 
However, since there is an infinite range of possible surfaces that may be required for 
projecting onto, it would be impossible to include all of these within the tractation 
function. Also, there are some surfaces that cannot be given in terms of a formula as, for 
example, the surface of the earth.
For this reason, a totally free surface has been added to those available within the 
tractation function. This user-defined surface has been given the name ‘raft’ surface. 
Shown in Figure 5.41 are two examples of raft surfaces. The first of these is actually a 
sine curve with the equation z = sin(y) at all values of x. This is illustrated in Figure 
5.41(a). The surface shown in Figure 5.41(b) is a randomly generated surface, which 
cannot be defined by any formula. These two examples demonstrate some of the more 
popular uses for the raft surface.
(a) Sine curve 
Figure 5.41 (part i): Raft surfaces
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(b) Random curve 
Figure 5.41 (part ii): Raft surfaces
In order to be used in the tractation function raft surfaces must be defined in terms of a 
series of points which together make up the surface. The two surfaces of Figure 5.41 may 
be seen defined in this way in the corresponding views of Figure 5.42.
(a) Sine curve 
Figure 5.42 (part i): Raft surfaces defined as points
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(b) Random surface 
Figure 5.42 (part ii): Raft surfaces defined as points
Projecting configurations onto raft surfaces works in a similar way to projection onto the 
other surfaces, which may be seen from the following example. The object to be projected 
is the plane grid shown in Figure 5.43(a). It has a hexagonal pattern, and is a standard grid 
made up of a number of members.
(a) Object to be projected 
Figure 5.43 (part i): Projection onto two raft surfaces
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(b) Sine curve (c) Random surface
Figure 5.43 (part ii): Projection onto two raft surfaces
When projected onto the sine curve and the random surface using parallel projection, the 
results are as shown in Figures 5.43(b) and 5.43(c), respectively. In both cases, the object 
to be projected happens to be much smaller than the surface that is being projected onto. 
The significance of this will be explained in due course when perimeter conditions of a raft 
surface are examined. However, since the objects being projected are smaller the pro­
jected configurations show only part of the detail of the surfaces they have been projected 
upon. This is especially apparent with the projection onto the sine curve where only two 
crests are visible compared with four on the surface being projected onto.
It may be seen from the view of the projection onto the sine curve that the projected 
configuration follows the contours of the curve faithfully. The reason for this is that the 
surface has been defined with a high density of points. As more points are used to define 
the surface, the projection becomes more accurate. To understand why this is so, it is 
necessary to look at how the projection onto a raft surface actually takes place.
A configuration is projected by each point being considered in turn. Every point of the 
configuration to be projected has its own individual line of projection (or projection line). 
This may be seen from Figure 5.44 which demonstrates how a line of projection is 
determined for parallel projection. The line of projection for point P runs parallel to the 
direction of projection given, and through point P. The manner in which the line of 
projection for other projection types is arrived at may be ascertained in the section on 
modes of projection.
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Raft surface
Direction of 
projection
Line of projection 
for point P Configuration to be projectedPoint P
Figure 5.44: Line of projection
Every point on the raft surface is at a certain distance from the line of projection. The 
distance from the projection line is measured in a direction perpendicular to the line. This 
may be seen from Figure 5.45 where a section through a raft surface is shown, with a point 
to be projected and its line of projection also shown. The distances of the raft surface 
points from the line of projection are indicated in the figure.
R4Points of 
raft surface
R3
R7R6
R5R2
Line of projectionPoint being 
projected
Figure 5.45: Distance to line of projection
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These distances are important since it is the three closest points of the raft surface which 
determine where a point of the configuration is projected to. So in the example of Figure
5.45 it would be points R4, R5 and R6 that are used to determine the position of the 
projected point. These have the smallest perpendicular distances, d4, d5 and d6, res­
pectively, from the line of projection. The position of the projected point is calculated 
fi"om the positions of these three closest points of the raft surface, which are given a 
weighting according to their distance. Shown in Figure 5.46 is the line of projection again 
with only the three closest raft points shown. The perpendicular distances of these points 
from the line of projection are again marked as d4, d5 and d6. In addition, the distances of 
these points from the point being projected are shown. These distances are measured 
parallel with the line of projection and are marked as z4, z5 and z6, respectively.
Position of 
projected point
R4 R6
Rfi
Point being 
projected
Line of projection
Figure 5.46: Weighting of raft points
The distance of the point after projection from its original position is marked in Figure
5.46 as z. This distance is calculated in the example using the values of d4, d5, d6, z4, z5 
and z6. In the general formula which follows these are represented by the parameters dl, 
d2, d3, zl, z2 and z3, respectively. The first three parameters, dl, d2 and d3, represent 
the distances of the three closest raft points from the line of projection (which are d5, d4 
and d6 in the example). The last three parameters, zl, z2 and z3 represent the distances of 
these raft points from the point being projected (z5, z4 and z6 in the example).
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General formula for calculation of position of points projected onto raft surfaces:
% — zH  d\'\- z21 d2 + zH  d7> l / d l  + l / d 2  + l /d3
The formula ensures that those raft points closer to the line of projection have a greater 
influence on the projected position. If the line of projection is found to run directly into a 
point on the raft surface, then this point is chosen as the projected location and the two 
next closest points have no influence.
Having more raft points produces a more accurate projection result since the greater 
number of raft points ensure that the distances of the three closest raft points from the line 
of projection are smaller. Hence the approximation required in the interpolation will be to 
a lesser extent. The effect on the quality of the projection is demonstrated by the example
(a) Grid to be projected 
Figure 5.47 (part i): Projection onto ‘cap’ raft surfaces
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(b) Cap with 61 points (c) Cap with 217 points
Figure 5.47 (part ii): Projection onto ‘cap’ raft surfaces
which follows involving tractation onto a ‘cap’. Shown in Figure 5.47(a) is a plane square 
grid which is the object to be projected. Figures 5.47(b) and 5.47(c) show two caps which 
are represented as raft surfaces. The caps are of equal size, with the only difference 
between them being the number of points they are comprised of. The cap in Figure 
5.47(b) is made up of 61 points, whilst the cap in Figure 5.47(c) is made up of 217 points. 
The grid has been projected using parallel projection onto both of these to examine the 
differences.
The results of the projection may be seen in Figure 5.48. Figure 5.48(a) shows the 
projection of the grid onto the cap of Figure 5.47(b) and Figure 5.48(b) shows the 
projection of the grid onto the cap of Figure 5.47(c).
The difference between the two configurations after projection onto the caps are clear to 
see. The cap with the greater number of raft points produces a much smoother projected 
configuration. However, even though the cap with 61 points has barely a quarter of the 
points of the other cap, the result still clearly shows the shape of the surface being 
projected onto. It may be seen that the accuracy of both configurations decreases around 
the perimeter of the surface. The reason for this is that density of raft points is bound to 
decrease since there are only raft points on one side of a line of projection that goes 
outside the perimeter of a raft surface.
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(b) Cap with 217 points
(a) Cap with 61 points
«
Figure 5.48; Projection onto caps
This example demonstrates how the accuracy of the projection may be improved using 
more raft points. The closeness of raft points employed should be decided upon with 
respect to the accuracy required for the final projected object. It should be noted that the 
gain in accuracy is much greater when adding to a small number of raft points as opposed 
to a large number of points. For example if there are 5 points and 5 more are added, the 
gain will be much bigger than if there are 100 points and 5 more are added. This means 
that when there are already a large number of raft points, a lot more must be added to 
achieve any appreciable gains in accuracy.
The precise way in which projection onto a raft surface is carried out has been outlined. In 
order to improve the accuracy of a configuration projected onto a raft surface it is
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necessary to understand the manner in which the projection is achieved. However, for 
most users a raft surface should be considered as being just like any other surface, instead 
of the collection of points that it is. Later on in this chapter it is demonstrated how raft 
surfaces may be interacted with the other surfaces.
5.5 Multiple and Non-Existing Solutions
The projection of a point onto a surface generally involves answering the question of 
where the line of projection intersects the surface. The majority of equations for the 
surfaces considered are quadratic in form (the exceptions being the plane and the raft 
surface). This means that the projection T of a point P onto a surface S produces three 
possible outcomes. These may be seen in Figure 5.49 where a section through an elliptic 
paraboloid is shown, together with a line of projection. In the first instance, Figure 
5.49(a), the line of projection passes through the elliptic paraboloid twice, so there are two 
possible locations for the intersection of the line and the surface. These are labelled Tla 
and Tib. If the line of projection touches the surface tangentially there are again two 
solutions, but these are equal. Figure 5.49(b) shows the situation where the line of 
projection is parallel to the z-axis and therefore cuts the paraboloid only once. The point
Projection
Surface
Line of Projection
T1b
T1a
(a) - Two points of intersection
Figure 5.49 (part i): Types of solution for quadratic equations
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Projection
Surface
Line o f  Projection
(b) - One point of intersection
Projection
Surface
Line of Projection
(c) - No points of intersection
Figure 5.49 (part ii): Types of solution for quadratic equations
PI would therefore be projected to position Tl. The final possible outcome is shown in 
Figure 5.49(c), where the line of projection misses the surface completely. There are 
imaginary solutions in this case.
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When there is only one solution, or two solutions that are equal, there is no problem. 
However, if the projection of a point onto a surface produces two possible outcomes, it is 
necessary to specify which point to take. The chosen point may be the one with the 
greatest or least x, y or z component, the nearest or furthest away from the origin, or the 
one which is closest to or furthest away from the original point’s location before 
tractation. Looking at Figure 5.49(a), point Tib would be chosen if the one with greatest 
z coordinate were to be selected or if the point closest to the original position were 
required. Likewise, point T la would be the chosen one if that with the lowest z 
component were required.
Shown in Figure 5.50 is an example involving a plane grid being projected using parallel 
projection onto a sphere. The lines of projection for each point on the grid all cut the 
surface of the sphere twice. In Figure 5.50(a) the projected points with the greater z 
coordinates have been chosen, whilst in Figure 5.50(b) those with the smaller z 
coordinates have been selected. It is therefore necessary to have some idea of the shape 
that the projected surface is going to take in order to select which projected points are 
required.
(a) Points chosen have greater z value (b) Points chosen have smaller z value
Figure 5.50: Selection of projected points
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If the projection misses the surface altogether a decision must be made as to what action to 
take. There are two possibilities here: a) the point may be left in its original position, 
before projection takes place or b) the point, and the rest of the cantle containing the 
point, is removed from the configuration. This may be seen from Figure 5.51 where a 
plane grid has again been projected using parallel projection onto a sphere. In this case the 
grid being projected is larger than the diameter of the sphere. In Figure 5.51(a) the first 
option mentioned above has been used to solve the problem, and the points remain in their 
original positions. In Figure 5.51(b) the affected points have been removed, along with 
their elements. As with multiple solutions, care must be taken to ensure that the desired 
result is obtained when the situation involving non-existing solutions arises.
(a) Option 1 (b) Option 2
Figure 5.51: Non-existing solutions
A further example of dealing with non-existing solutions is shown in Figure 5.52 where 
another plane grid has been projected onto an elliptic cylinder, using parallel projection. 
The axis of the cylinder run at an angle to the plane to produce the configuration shown.
There is never any problem of multiple or non-existing solutions when projecting onto raft 
surfaces, so no selections of the type outlined above are necessary. This does mean
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Figure 5.52; Non-existing solutions after projection onto elliptic cylinder
though that care must be taken to ensure that the desired result is obtained. For example, 
if a ‘cap’ is specified as a raft surface, lines of projection may miss the cap, but the 
projection will take place since the closest three points are considered. When projecting 
onto a plane, there are never multiple solutions. However, if the line of projection runs 
parallel to the plane it will never intersect it, and non-existing solutions are involved. 
Which of the two available options is taken in this situation is dependent on the user.
5.6 Tractation Function
All the concepts described in this chapter are brought together in the tractation function. 
The tractation function is the means through which all projection operations are carried 
out. Explained below is how the function is employed in different situations, giving details 
of the various codes that are required for the different projection types and surfaces.
Consider the square grid shown in plan in Figure 5.53(a), which is to be projected onto a 
surface. The members of the grid are spaced at 2 units apart, and the origin of the
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coordinate system is as shown in the figure. The surface being projected onto is a sphere 
of radius 25 units, whose centre is at a point with coordinates (0,0,-10). The grid is to be 
projected by central projection, with the centre of projection being located at the point 
(0,0,-20). In the case of multiple solutions where there are two possible projected 
locations, the point nearest to its original location should be selected.
14 units
(a) Configuration ‘grid’ (b) Configuration ‘dome’
Origin
(0.0,0) 'grid'
Centre of sphere \  (0.0,-10)
Radius = 25
Projection surface
 Centre of projection
(0.0,-20)
(c) Section showing projection surface and parameters 
Figure 5.53: Configuration before and after projection
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The result of the tractation may be seen in Figure 5.53(b), which shows the projected 
configuration. In this example ‘grid’ is a formex representing the configuration to be 
projected whilst ‘dome’ is a formex representing the resultant configuration. A section 
through the sphere, showing the gird, and the positions of the centre of the sphere and the 
centre of projection is shown in Figure 5.53(c). The projection may be achieved using the 
tractation function using a statement similar to that shown in Figure 5.54, where each of 
the items are labelled,
Tractated Surface code Projection code Formex to 
formex (1 =sphere) (1 ^ central) be projected\  I /  {dome=trac(1 ,[0,0,-10,25],1 ,[0,0,-20],-15)|grid
Surface parameters I Selector
Tractation function Projection parametersname
Figure 5.54: Tractation function
The word ‘trac’ is an abbreviation of tractation and is used to designate the function. The 
initial 1 inside the parentheses indicates that projection onto a sphere is to take place. This 
means that 4 numbers are required to define the sphere. The first three of the surface 
parameters are used to specify the coordinates of the centre of the sphere (0,0,-10) and the 
last number indicates the radius of the sphere (25). The subsequent 1 defines central 
projection, with the centre of projection (0,0,-20) given in the next item in the function. 
The final number in the parentheses, -15, specifies what is to happen in the case of multiple 
or non-existent solutions.
5.7 Tractation Parameters
The parameters enclosed within parentheses determine how a configuration is projected. 
In general, there are potentially five sets of parameters enclosed within the parentheses, 
each one separated by a comma. In certain instances some of these may be omitted if not 
required. For example, in the case of radial projection no projection parameters are
Oliver C Champion Page 217
Chapter 5: Tractation Function PhD Thesis
necessary. There follows a full description of all of the parameters. In addition, a brief 
summary of what is allowable in terms of the argument is included.
5.7.1 Surface Code
The surface code is the first item within the parentheses and is used to indicate the surface 
which is to be projected onto. The nineteen surfaces described above (including the raft 
surface) are all available. The full list of surface codes is given in Table 5.2.
Surface
code
Surface No. of parameters 
required
1 Sphere 4
2 Ellipsoid 6
3 Paraboloid 5
4 Elliptic paraboloid 6
5 Cylinder 3
6 Elliptic cylinder 4
7 Parabolic cylinder 4
8 Hyperbolic cylinder 4
9 Hyperbolic paraboloid 5
10 Irregular hyperbolic paraboloid 6
11 Hyperboloid of one sheet 5
12 Elliptic hyperboloid of one sheet 6
13 Hyperboloid of two sheets 5
14 Elliptic hyperboloid of two sheets 6
15 Cone 5
16 Elliptic cone 6
17 Plane defined by three points 9
18 Plane defined by normal 6
19 Raft surface n/a
Table 5.2; Surface codes
5.7.2 Surface Parameters
The second item within the parentheses of the tractation function is a formex containing 
the surface parameters. The correct number of parameters must be given for the 
designated surface, as in the example above where four parameters were used in the case 
of a sphere. Given in Table 5.3 are details of how many parameters are required for each 
surface type, as well as what these should be, and the order in which they should be given.
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A raft surface is not specified by parameters, but by a formex which contains a set of 
points defining the surface. This formex may be as large as desired, but must have a 
minimum grade of 2. If the grade is 2, all the z-coordinates of the points are assumed to 
be 0. If the grade is greater than 3, then only the first three coordinates are used for 
determining the x-y-z coordinates of the points of the surface.
Surface
code
No. of parameters 
required
Details required (and order). Refer 
to figures in section 5.3 for 
parameter explanation
1 4 xc,yc,zc,R
2 6 xc,yc,zc,a,b,c
3 5 xc,yc,zc,a,b
4 6 xc,yc,zc,a,b,c
5 3 yc,zc,R
6 4 yc,zc,a,b
7 4 yc,zc,a,b
8 4 yc,zc,a,b
9 5 xc,yc,zc,a,b
10 6 xc,yc,zc,a,b,c
11 5 xc,yc,zc,a,b
12 6 xc,yc,zc,a,b,c
13 5 xc,yc,zc,a,b
14 6 xc,yc,zc,a,b,c
15 5 xc,yc,zc,a,b
16 6 xc,yc,zc,a,b,c
17 9 X1 ,y 1 ,z 1 ,x2,y2,z2,x3 ,y3 ,z3
18 6 nl,n2,n3,tl,t2,t3
19 n/a Raft formex is required
Table 5.3: Surface parameters
5.7.3 Projection Code
The projection code is the next item within the parentheses in a tractation function, and 
determines which type of projection is to be used. The full list of projection codes is given 
in Table 5.4.
Radial projection is only available with surfaces that have a central point which may be 
used as the projection point. It may therefore be employed only in conjunction with 
surfaces 1-4. Points of the configuration being projected must not be coincident with the
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Projection
code
Type of projection No. of parameters 
required
1 Central 3
2 Parallel 6
3 Axial 6
4 Radial 0
Table 5.4: Projection codes
centre of projection if central projection is being used. The reason for this is that two 
distinct points are required to establish a line of projection. Similarly, for axial projection, 
no point of the configuration being projected may lie on the axis of projection. If either of 
these cases occur an error will result.
5.7.4 Projection Parameters
The fourth item within the parentheses is a formex containing the projection parameters. 
The correct number of parameters must be given for the designated projection type, as in 
the example above where three parameters were used in the case of central projection. 
Given in Table 5.5 are details of how many parameters are required for each projection 
type, what these should be, and the order in which they should be given. A semicolon 
should be placed between each set of three numbers which specify the x-y-z coordinates of 
a point (applicable for parallel and radial projection). It may be noted that for radial 
projection no parameters are required, as the projection point used is that of the central 
point in the surface specification. If radial projection is being used then no projection 
parameters formex should be included.
Projection
code
Projection
type
Number of 
parameters 
required
Details required (and order). Refer 
to figures in section 5.2 for 
parameter explanation
1 Central 3 x,y,z : coords of centre of projection
2 Parallel 6 xl,yl,zl;x2,y2,z2 : coords of two
points lying on line of projection
3 Axial 6 xl,yl,zl;x2,y2,z2 : coords of two
points lying on axis of projection
4 Radial 0 No parameters required
Table 5.5: Projection parameters
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5.7.5 Selector
The final item that may be included within the parentheses is the ‘selector’. This is a single 
number which determines what is to happen in the case of multiple or non-existing 
solutions, as outlined in section 5.5. The number given ascertains both of these, as 
outlined in Table 5.6 below. T is the point to be projected, and P is its position after 
projection. For projection onto raft surfaces, a selector is not required since cases where 
there are multiple or non-existing solutions do not arise. In these instances the selector 
should not be supplied. If the surface being projected onto is not a raft surface, the 
selector may still be omitted, an action which causes the default selector to be applied. 
The default selector is -15 which causes cantles containing a non-existing solution to be 
removed, and selects points with are nearest their original positions when there are 
multiple solutions.
Selection
Code
Indicated Solution
Selection
Code
Indicated Solution
In the case of multiple 
solutions for P choose 
tlte one which has tlie
In tlie case of
nonexisting
solution
In the case of multiple 
solutions for P choose 
tlie one wliich has tlie
In the case of
nonexisting
solution
11 greatest x component 21 greatest x component-11 least X component -21 least X component12 greatest y component 22 greatest y component-12 least y component ignore tlie -22 least y component
13 greatest z component cantle (a part 23 greatest z component
-13 least z component of which -23 least z component accept point T
14 greatest distance from represents 24 greatest distance from as solution
tlie origin point T) the origin
-14 least distance from the -24 least distance from the
ongin ongin
15 greatest distance from T 25 greatest distance from T
-15 least distance from T -25 least distance from T
Table 5.6: Multiple / Non-existing solutions
5.7.6 Argument
In cases where the argument (or independent variable) has a grade of 3, the data is 
interpreted as the x-y-z coordinates of a configuration. It is required that the argument has 
a minimum grade of 2. If the argument does have a grade of 2, the data is interpreted as 
the values of the x and y coordinates, with the z coordinates all assumed to be 0. This 
mode is used quite often when a plane grid is being used as the basis for tractation. If the
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argument has a grade greater than 3, the extra uniples are ignored for the purposes of 
determining the coordinates. However, the formex representing the tractated config­
uration will retain these extra uniples in their correct positions.
It may be noted that each of the parameters described above may be represented by an 
expression with the appropriate value. For example if the variable ‘a’ is equal to [0,0,-10] 
and the centre of projection is at the coordinates (0,0,-10), the variable a may be placed in 
the parentheses at the position of the projection parameters.
5.8 Selective Tractation
The whole of this chapter to this point has been concerned with ‘non-selective’ tractation. 
To elaborate, configurations have been projected as a whole, indiscriminately, onto the 
desired surfaces. A whole new range of projection possibilities are opened up with the use 
o f ‘selective’ tractation whereby groups of nodes of a configuration are treated separately. 
This may mean that only some parts of a configuration are projected, or it might entail 
multiple groups of nodes as in the example of Figure 5.55 which involves a double layer 
grid. A view of the grid before projection is shown in Figure 5.55(a). All the nodes on the 
top layer of the grid are considered to be part of one group, while all the nodes on the
(a) Double layer grid (b) Grid after projection
Figure 5.55: Selective tractation
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bottom layer make up a second group. The projection that has taken place involves the 
two groups being projected onto different surfaces, the bottom layer onto a sphere, and 
the top layer onto a hyperbolic paraboloid. The result of the projection is shown in Figure 
5.55(b).
A point to emphasise is that it is the nodes that belong to different groups. In the above 
example most members have both their nodes in the same group. However, the members 
which form the ‘web’ of the double layer grid have one node in each group.
When performing selective projection using the tractation function, a slightly different 
procedure is followed, as compared with non-selective tractation. Consider a formex F, 
which represents the configuration shown in Figure 5.56(a). F has a grade of four, with 
the first three uniples representing the x-y-z coordinates of the configuration. The fourth 
uniple of each signet of formex F is equal to either 1 or 2. This number indicates which of 
two groups that a node belongs to. The identity of the two groups may be established 
from Figure 5.56(a) where nodes outside the dashed line are in group 1 and those inside 
are in group 2. Again, some members have one node from each group. This formex could 
be projected as a whole onto a surface using non-selective tractation. However, if it is 
desired that only one of the groups is projected, this may be achieved by selective trac-
Group 1 
nodes
Group 2 
nodes
(a) Configuration before tractation (b) Configuration after tractation
Figure 5.56: Projection of one group using selective tractation
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tation. In the example, solely group 1 nodes have been projected, the result of which may 
be seen in Figure 5.56(b).
To perform selective projection, a slightly different format for the tractation function is 
employed. This may be seen from Figure 5.57 which shows the parameters included in the 
tractation fimction to produce the configuration of Figure 5.56(b). The argument ‘F’ 
represents the configuration shown in Figure 5.56(a), and ‘G’ represents the configuration 
after projection. The major difference in format is the extra formex item that must be 
placed at the beginning, inside the parentheses. This is called the ‘group identifier’ and is 
used to specify how many groups there are, the position number of the group identification 
coordinate, and the values that this may take for the respective groups.
Position of group
identification coordinate ^  ^  ,\ Projection Selector
No. of groups ^  Uniple value code
G=trac([1,4,1 ], 2. [0,0,-30,15,25,31 ],1 ,[0,0,-60],13)|F
Group
identifier
Surface Projection
parameters parameters
Surface code 
Figure 5.57: Selective tractation function
The first number in the group identifier specifies how many groups are to be used in the 
tractation, which in the example is 1. The following number 4 signifies that the fourth 
coordinate (or uniple) of each node (or signet) is the position of the group identification 
coordinate, which will be consulted to establish if that signet belongs to the group being 
projected. The final number gives the value that the group identification coordinate must 
take to be a member of the group being projected. So in the example, the fourth uniple of 
a signet must be equal to 1 to be part of the group being projected. If it is not, the node 
remains where it is.
The remaining items in the parentheses of the tractation function have a similar meaning to 
those in non-selective tractation. In the example the surface code is 2, indicating an
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ellipsoid, which requires 6 parameters to be given in the formex that follows. The mode of 
projection is 1 which means central projection is being used and requires three parameters. 
The last item in the parentheses is the selector, which in the example is 13.
If more than one group of nodes is to be projected, more information is required in the 
tractation function. An example of projection using more than one group of nodes is 
shown in Figure 5.58 where a plane grid is projected onto a circular cylinder and an elliptic 
cylinder using two different groups of nodes. The grid itself is shown in Figure 5.58(a)
Group 1 
Nodes
Group 2 
Nodes "
(a) Plot of the formex ‘grid’ showing two nodal groups
(b) Plot of formex ‘cyl’, the configuration after tractation 
Figure 5.58: Selective tractation using two groups
Oliver C Champion Page 225
Chapter 5: Tractation Function________________________________________ PhD Thesis
with the group 1 nodes above the dashed line and the group 2 nodes below this line. The 
group 1 nodes have been projected onto the circular cylinder and the group 2 nodes onto 
the elliptic cylinder to produce the configuration shown in Figure 5.58(b). Since all of the 
nodes belong to one of the two groups being projected there are none which remain in 
their original position.
The format of the tractation function used for the selective tractation is shown in Figure 
5.59. The formex ‘grid’ represents the configuration before projection and the formex 
‘cyl’ represents it after projection. There are 6 items within the parentheses, which are all 
labelled.
The first item within the parentheses, as always for selective tractation, is the group 
identifier formex. The first two numbers within this formex indicate that there are two 
groups of nodes, and the position of the group identification coordinate is the fourth 
uniple. The next two numbers indicate that the group identification coordinate has a value 
of 1 for group 1 and 2 for group 2. These two numbers could have been omitted, since if 
they are not provided it is assumed that group 1 has an identification coordinate of 1, 
group 2 has an identification coordinate of 2 and so on.
Uniple value Surface code Projection code Selector
Group 1 Group 2 Group 2 Groups 1 & 2 Groups 1 & 2
W  X  I /cyl=trac([2,4,1,2],[5,6],[0,0,10,10,0,12,20], 2, [0,0,0; 0,0,10],13)|grid
Group 1 Group 2 Projection
Surface parameters parameters
No. of groups Surface code Groups 1 & 2
Group 1 
Position of group 
identification coordinate
Figure 5.59: Tractation fimction with two groups of nodes
Instead of being a single number, the surface code item is now a formex in which two 
surface codes, 5 and 6 are given for the respective groups. These indicate tractation onto 
a circular cylinder for the first group and an elliptic cylinder for the second group. The 
former requires 3 parameters to be given, and the latter 4. This is reflected in the surface
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parameters formex which contains 7 numbers in total. The parameters for the first group 
are given first. Only one projection code, 2, has been given which means that both groups 
are projected using parallel projection. If they were to be projected using different modes, 
this item would be a formex containing both codes. Similarly, the projection parameters 
formex contains only one set of parameters which are used for both groups. This formex 
would be larger if the parameters for more than one type of projection were included. The 
final item in the parentheses is the selector, which has a value of 13. This will be used for 
both groups. Again, if different selectors were required for different groups, this item 
would be a formex.
5.8.1 Selective Tractation with Raft Surfaces
Selective tractation may be used just as conveniently with raft surfaces. This may be seen 
by the example in Figure 5.60 where one of the surfaces being projected onto is a raft 
surface. The configuration being projected is the double layer grid shown in Figure 
5.60(a). The nodes of the bottom layer of the grid belong to group 1, and the nodes of the 
top layer of the grid belong to group 2. The grid itself is represented by the formex ‘dig’ 
where the third uniple (or coordinate) is used for group identification. The raft surface.
(a) Double layer grid used for projection 
Figure 5.60 (part i): Selective tractation onto a raft surface
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m
(b) Configuration after projection 
Figure 5.60 (part ii): Selective tractation onto a raft surface
which is used as the basis of projection for group 1 nodes is a sine curve, similar to the one 
used to demonstrate raft surfaces in Figure 5.42. The other surface, which the nodes from 
group 2 are projected onto, is an ellipsoid. The result of the projection is shown in Figure 
5.60(b) where the surfaces have been placed comparatively far apart to enable both groups 
to be seen. The formex ‘proj’ contains the coordinates of the projected configuration.
Carrying out selective tractation when there is at least one raft surface and at least one 
non-raft surface requires slight changes to the parameters used with the function. This 
may be seen from Figure 5.61 where the information used to produce the projection shown 
in Figure 5.60(b) is set out.
Reading from the left, inside the parentheses, the first item is again the group identifier 
formex. This contains the information that there are 2 groups of nodes, the third 
coordinate is the group identification coordinate and for groups 1 and 2 this coordinate is 
0 and 1, respectively. The second item within the parentheses contains the surface codes
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Uniple value Surface code Projection code Selector
Group 1 Group 2 Group 2 Group 1 Group 2 Group 2
w  /  \  /  1cyl=trac([2.3,0,1 ],[19.2],[5.5,3,15,23,20],r1 ,[2,1 ],[0,0,0;0,0,10;2,2,-20],13)|dlg
No. of groups
Surface parmeters \  Group 1 Group 2
(excl. raft surface) \  Projection parameters
Position of group 
identification coordinate
Figure 5.61: Selective tractation function involving a raft surface
for the two groups. The first surface is a raft surface (code 19) and the second is an 
ellipsoid (code 2).
When there are no raft surfaces a single formex may be used to contain all the surface 
parameters. However, with raft surfaces the raft formex needs to be kept separate. The 
formex containing the projection parameters for all surfaces except any raft surfaces is 
entered first, as in Figure 5.61, and is followed by formices for each raft surface 
(represented by rl in the example). This results in the slightly unusual situation where 
even though the raft surface represents the first group of nodes, the surface parameters of 
the ellipsoid are specified first. The key point is that the surface parameters for non-raft 
surfaces are always given first.
The items which follow the surface parameters and raft fonnices inside the parentheses go 
back to the original pattern. Two modes of projection have been specified: parallel (mode 
2) for the first group (raft surface) and central (mode 1) for the second group (ellipsoid). 
There are nine numbers in the projection parameters formex, the first six for the parallel 
projection and the next three for the central projection. Each set of three x-y-z 
coordinates is separated by a semicolon. The final item within the parentheses, the 
selector, applies only to the ellipsoid, since no selector is required for raft surfaces.
Oliver C Champion Page 229
Chapter 5: Tractation Function PhD Thesis
5.8.2 General Form o f Selective Tractation Fimction
The format of the parameters for the last projection case was complicated by the existence 
of both a regular surface and a raft surface. The diagram in Fig 5.47 shows how the 
existence of both raft and other surfaces fits into the overall picture of selective tractation. 
This gives the general form of the function and re-emphasises the message given by the 
previous examples. The argument (or independent variable) shown in the general form is 
the formex variable E and the dependent variable is G.
Group I 
Identifier < 
formex |
(  Number of groups of nodes
Position number of group Identification coordinate
Values of group Identification coordinate Indicating 
the first,second.... and last groups of nodes
Surface codes for all surfaces
Sets of surface parameters for the first, 
second,... and last non-raft surfacesI I
G=trac([n,cp, v1.... vn],[s1...... sn],[a1 ,b1 ,c1 ,d1 ,...,an,bn,cn,dn,en],
n  m,[p1 ,...,pn],[x1 ,y1 ,z1 ;x2,y2,z2;...;xn.yn,znl[s1 ,...,sn])|Et  fRaft formices for the first, second,
... and last raft surfaces
Projection codes for all surfaces
t
Selector for first second,
... and last non-raft surfaces
Sets of projection parameters for the first, 
second,... and last non-radlal projection types
Figure 5.62: General form of selective tractation fimction
There are a few points to be made regarding the general form to clarify what in fact is 
allowable, and what is assumed in potentially ambiguous cases. These are as follows:
• If no values for the group identification coordinate are given in the group identifier 
formex, these are assumed to be 1 for group 1, 2 for group 2, 3 for group 3 and so on.
• If less surface codes are given than there are numbers of groups, the surfaces codes are 
assigned to the first groups designated. The remaining groups are assigned the last 
surface given. For example if there are five groups and the surface codes 2, 1 and 4 
have been given, then the assumed surface codes will be [2,1,4,4,4] for the five groups.
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• The formex containing surface parameters for non-raft surfaces is always given before 
any raft formices, irrespective of the order in which the surfaces are specified. If there 
are no non-raft surfaces, this formex is omitted.
• The order that the surface parameters are given should correspond with the order of the 
non-raft surfaces. For example if the order of the surfaces is [2,19,1] there should be 6 
parameters for an ellipsoid (code 2) followed by 4 parameters for a sphere (code 1) in 
the surface parameters formex.
• A raft formex should be supplied for each raft surface.
• If there are less projection codes than groups, they are assigned to the groups in a 
similar way to the surface codes, (i.e. surfaces without a designated projection code 
take the last one specified.)
• Sets of projection parameters should be given one after another, with a semicolon after 
every three numbers (dividing the formex into signets). Central projection requires one 
signet, parallel and axial projection require two signets and radial projection requires no 
signets.
• The formex containing the selectors should list the selectors for non-raft surfaces in the 
order of the groups they are associated with. If any are omitted they take the value of 
the last selector given. For example, if there are five surfaces, with surface codes 
[3,19,2,5,3] and the selectors given are [13,-15,24] then these will be assigned in the 
following manner [13,n/a,-15,24,24]. It is noticeable that since the raft surface does not 
require a selector, the code -15 passes to the next group, surface 2. Since there are 
four non-raft surfaces and only 3 selectors given, the fourth non-raft surface takes the 
code 24, the last specified.
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Geodesic Forms
The preceding two chapters have discussed methods for creating configurations based on 
polyhedra and by projection onto surfaces, respectively. These two processes may be 
combined to produce what are known as ‘geodesic’ forms. Following is a description of 
what exactly geodesic forms (or configurations) are, giving examples where necessaiy. 
The procedure for creating geodesic forms using both the polymation and tractation 
functions is outlined in full, showing how single and double layer geodesic configurations 
may be created. Also included within this chapter is a description of the ‘mep’ function 
which has applications particular to geodesic forms.
6.1 Introduction to Geodesic Forms
Geodesic domes were popularised in the 1950s and 1960s by Richard Buckminster Fuller 
[13,14], an American who had no formal qualifications in engineering or architecture. He 
designed many domes around the world, including the acclaimed USA pavilion at Expo 67 
in Montreal. His original patent was for constructions of spherical surfaces divided into 
triangles. The term ‘geodesic’, given by Buckminster Fuller to such structures, is related
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to the concept of a ‘geodesic line’ which is the shortest ‘path’ between two points on a 
surface. In the case of a sphere, a geodesic line is an arc that is the shortest distance 
between two points and is always part of a ‘great circle’. The centre of a great circle is 
coincident with the centre of the sphere and if thought of in relation to the earth, is 
equivalent to the equator or a meridional circle.
Figure 6.1(a) shows a sphere together with a great circle drawn on it. A portion of the 
great circle from A to B is marked off, and is a geodesic line. If an icosahedron is 
projected onto a concentric sphere, using radial projection, it will look as shown in Figure 
6.1(b). The resulting arcs of the icosahedron are geodesic lines. Although structural ele­
ments of geodesic domes do not always follow great circles, the term has remained [13].
GreatCircle
Geodesic
Line
(a) (b)
Figure 6.1 : Geodesic lines
Traditionally, geodesic domes are obtained in two distinct stages, which comprise the 
definition of the geodesic forms. The first stage involves subdivision of the faces of a 
polyhedron. This is similar to the mapping of patterns onto the faces of polyhedra, as may 
be achieved with the polymation function. The second stage involves projection of this 
polyhedric configuration onto a concentric sphere. The method of projection used is 
radial, so the centre of projection is coincident with the centre of the sphere [15]. 
Examples of configurations produced in this way are shown in Figure 6.2 where there are 
views of geodesic forms produced by different types of subdivision of the top 5 sides of an 
icosahedron. In Figure 6.2(a) the sides have been bisected by lines going from the apex of 
triangles to the centre of the opposite edge. This method of division is known as ‘triacon
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division’. In Figure 6.2(b) the method of division known as ‘alternate division’ has been 
used. With this method lines are drawn parallel to the edges of the triangular faces of the 
icosahedron [16].
(a) Triacon division (b) Alternate division
Figure 6.2: Geodesic configurations - symmetrical subdivision
If the process of subdivision is taken further, other geodesic forms are produced. Shown 
in Figure 6.3 are examples of geodesic configurations produced by further subdivision of 
the original icosahedral configuration. The configuration shown in Figure 6.3(a) is 
produced by frequency 4 triacon division, and that in Figure 6.3(b) is produced by 
frequency 5 alternate division [17].
(a) (b)
Figure 6.3: Further subdivision of configurations
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Illustrated in Figure 6.4 are two further examples of configurations based on the top five 
faces of an icosahedron. The two configurations are produced from the same polyhedric 
configuration. The configuration of Figure 6.4(a) is created by axially projecting it onto a 
circumscribing sphere (i.e. the sphere and the polyhedron have equal radii). The config­
uration shown in Figure 6.4(b) is created by radially projecting the polyhedric 
configuration onto a cone. These two configurations represent a different approach to 
those geodesic configurations presented above. In the first case the type of projection is 
not radial as required by the definition of geodesic forms given earlier. In the second case 
the projection does not take place onto a sphere, which is another requirement of the 
definition given earlier. Both configurations contain many lines that are not geodesic lines.
(a) (b)
Figure 6.4: Examples of geodesic configurations
However, both of these configurations are termed geodesic configurations under the 
redefinition of geodesic forms which is used in this work To elaborate, the definition of 
geodesic configurations has been widened to include all configurations created by 
projecting configurations based on polyhedra onto surfaces. The examples of Figure 6.4 
illustrate that the choice of projection surface is not restricted to the sphere and the type of 
projection does not need to be radial. Each of the configurations contained in this chapter 
has been obtained by projection of a polyhedric configuration onto a surface, and as such 
are referred to as geodesic configurations.
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As geodesic configurations are obtained from polyhedric configurations, they are 
themselves polyhedric configurations. As such they should be thought of not as an end 
products in themselves, but rather as a ‘lump of steel in the hands of a blacksmith’ which 
may be worked in as many stages as necessary into the desired shape. This may be 
achieved using additional formex functions, or by alternative means.
6.2 Creation o f Geodesic Configurations
The examples of geodesic configurations used above were created using the polymation 
and tractation functions. The manner in which these two functions are applied may be 
seen with reference to the example in Figure 6.5. This shows the step-by-step process 
through which geodesic configurations may be produced. Shown in Figure 6.5(a) is a 
triangular pattern, which is a plot of the formex A. The formex formulation required to 
produce A is shown underneath the figure. This configuration is mapped onto the top five 
faces of an icosahedron of radius 10 units, shown in Figure 6.5(b) to produce the 
polyhedric configuration of Figure 6.5(c). This configuration is represented by the formex 
variable B, which is obtained using the polymation function, as shown.
Face 3Face 4
Face 2
Face 5
Face 1
X
A-pointat (0,0,0) B-point at (14,0,0)
A=genid(7,7,2,sqrt|3,l,-l)|{[0,0;2,0],[2,0;l,sqrtl3],[l,sqrt|3;0,0]}
(a) (b)
Figure 6.5 (part i): Use of polymation and tractation functions to create geodesic forms
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Circumradius of 
polyhedron = 10 unitsRadius of sphere  = 13 units
B=pol(l,5,’[all]\10,[0;141)|A
(c)
C entre of polyhedron, 
sphere  and  projection a t (0,0,0)
Section through polyhedron and sphere
(d)
C=trac(l,l0,0,0,13],4,-15)|B 
(e) Geodesic configuration produced 
Figure 6,5 (part ii): Use of polymation and tractation functions to create geodesic forms
The final stage is to project the polyhedric configuration onto a surface, using the 
tractation function. The chosen surface is a sphere with a radius of 13 units and a centre at 
coordinates (0,0,0), making the sphere and the polyhedron concentric. The projection 
type used is radial, which means that the centre of projection is coincident with the centre 
of the sphere. A section through the polyhedric configuration and the sphere is illustrated 
in Figure 6.5(d). The result of the tractation is the geodesic configuration shown in Figure 
6.5(e), which is represented by the formex variable C. This variable is obtained by using
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the tractation function as in the line of formex formulation beneath the figure. The 
geodesic configuration has been created using three lines of formex formulation, which 
represents an extremely efficient approach.
6,3 Exploring Geodesic Configurations
Geodesic configurations obtained using the upper five faces of the icosahedron, such as in 
the previous example, represent an important class of configurations. Further examples of 
geodesic forms based on the top five faces of icosahedra, using radial projection, are 
shown in Figure 6.6. In each case the original polyhedric configuration has been produced 
by face mapping. They show the variety that may be achieved by using different face- 
objects and demonstrate why the icosahedron is such a popular starting point for geodesic 
configurations.
V V  V
(a) (b)
(c) (d)
Figure 6.6: Geodesic forms based on icosahedron
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Other polyhedra may be used to produce equally interesting geodesic forms. This is 
illustrated by the range of forms shown in Figure 6.7 where configurations are produced 
using four different polyhedra, including three Archimedean polyhedra. Beside each of the 
geodesic configurations is another figure that indicates which faces of which polyhedron 
have been used. The names of the polyhedra are given beneath the diagrams. In each case, 
as with the icosahedron examples above, radial projection is the chosen projection method 
onto a concentric sphere. The centre of projection is therefore coincident with the centre 
of the polyhedron and the sphere.
(a) Small rhombicuboctahedron (PIO)
(b) Icosidodecahedron (PI 2)
Figure 6.7 (part i): Geodesic forms based on various polyhedra
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(c) Cuboctahedron (P7)
(d) Dodecahedron (P4)
(d) Truncated Cube (P8)
Figure 6.7 (part ii): Geodesic forms based on various polyhedra
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The examples in this section so far have been restricted to cases involving radial projection 
onto a sphere which is concentric with the polyhedric configuration being projected (the 
traditional definition of geodesic configurations). Removing this restrictions allows a new 
series of forms to be produced. Shown in Figure 6.8 are a range of geodesic forms 
produced using central, parallel and axial projections onto a sphere whose centre is not 
necessarily coincident with the centre of the polyhedric configuration. A diagram showing 
the elevation next to each geodesic configuration is provided to help explain the projection 
circumstances. In these diagrams the letters S, C, D, and A have the following meanings:
S - Centre of Sphere
C - Centre of projection (for central projection)
D - Direction of projection (for parallel projection)
A - Axis of projection (for axial projection)
In the diagrams projection lines are shown for a selection of nodes. A point to note from 
Figure 6.8(e), where the polyhedron and sphere are not concentric, is that some nodes of 
the polyhedric configuration lie outside the boundaries of the sphere and are therefore 
projected inwards. The polyhedric configuration used is the same in each case, and is 
based again on the top five faces of an icosahedron.
yd<A><Æ A % K
/ \ / \ /
(a) Parallel projection 
Figure 6.8 (part i): Use of alternative projection techniques
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(b) Axial projection
S
(c) Central projection - C has increased z coordinate
(d) Central projection - C has increased x coordinate 
Figure 6.8 (part ii): Use of alternative projection techniques
Oliver C Champion Page 242
Chapter 6; Geodesic Forms PhD Thesis
S C
(e) Central projection - Sphere and polyhedron not concentric 
Figure 6.8 (part iii): Use of alternative projection techniques
Mentioned under the definition of geodesic fornis was the fact that a configuration prod­
uced by projecting a polyhedric configuration onto any surface is classed as a geodesic 
configuration. Illustrated in Figure 6.9 is an eclectic collection of such foims, obtained by 
projecting configurations onto a range of non-spherical surfaces. The surface used in each 
case is indicated under the figure, as is the polyhedron which the polyhedric configuration 
is based on. Central projection from a projection point located at the origin of the 
coordinate system is used each time.
(a) Projection of configuration based on icosahedron onto ellipsoid 
Figure 6.9 (part i): Geodesic configurations produced from non spherical-surfaces
Oliver C Champion Page 243
Chapter 6: Geodesic Forms PhD Thesis
(b) Projection of configuration based on icosahedron onto hyperboloid of two sheets
mm
(c) Projection of configuration based on cuboctahedron onto cone
(d) Projection of configuration based on icosahedron onto paraboloid 
Figure 6.9 (part ii): Geodesic configurations produced from non spherical-surfaces
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Geodesic forms can also be created by using the tractation function to project polyhedric 
configurations obtained by edge or vertex mapping onto surfaces. Examples of such forms 
are shown in Figure 6,10. In each case both the polyhedric configuration and the resultant 
geodesic configuration are shown. Radial projection onto a sphere is the chosen mode of 
projection for each geodesic form.
(a) Polyhedric configuration created using edges of small rhombicuboctahedron (PIO)
(b) Polyhedric configuration created using edges of icosahedron (P5) 
Figure 6.10 (part i): Geodesic forms obtained from edge mapping
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(c) Polyhedric configuration created using edges of dodecahedron (P4)
Figure 6.10 (part ii): Geodesic forms obtained from edge mapping
6,4 Double Layer Geodesic Forms
In the case of large spanning geodesic structures, single layer forms are often inadequate 
to withstand the forces involved. Consequently, double layer structures are preferred for 
these applications. Double layer geodesic forms may be created using selective polymation 
and selective tractation in conjunction with each other. An example of the procedure used 
in the creation of a double layer geodesic form is shown in Figure 6.11.
The initial face-object, represented by the formex variable F, is illustrated in Figure 6.11(a) 
along with the formex formulation used to produce it. The upper nodes of the config­
uration all have a fourth coordinate of 1 (group 1) and the lower nodes have a fourth 
coordinate which is 2 (group 2). Using selective polymation, the nodes of the two layers 
are mapped onto the top five faces of two concentric icosahedra. The nodes of the top 
layer are mapped onto an icosahedron with a circumradius of 12 units, and those of the 
bottom layer onto an icosahedron with a circumradius of 10 units. The form of the 
polymation function used to produce the variable G is shown with the polyhedric 
configuration in Figure 6.11(b). The final stage in the creation of the double layer 
geodesic form is the projection of the two layers. Both layers are projected onto spheres
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A-point for group 1 
(0.0.1)
B-point for group 1 
(12.0.1)
A-point for group 2 (1,1/sqrlj3,0) /■B-point for group 2 (11,1/sqrt|3.0)
s=sqrt|3
top=pan(4,l)|pan(3,l)|genid(6,6,2,s,l,-l)|{[0,0;2,0],[2,0;l,s],[l,s;0,0]} 
bot=pan(4,2)|pan(3,0)|tranid(l,l/s)|gemd(5.5,2,s,l,-l)|{[0,0;2,0],[2,0;l,s],[l,s;0,0]} 
web=genid(6,6,2,s, i ,- l)|rosad(l, l/s,3,120) j[0,0,1,1 ; 1,1/s,0,2]
F=top#bot#web
(a) Face-object
G=pex|pol(l,5,'[l-5]',[2,4;l,12;2,10],[0,0.1;12,0,l],[l,l/s;ll,l/s])|F
(b) Double layer polyhedric configuration 
Figure 6.11 (part i): Creation of a double layer geodesic form
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H=trac([2,4.1,2],l.[0,0,0,12.0,0.0,101,4,13)|G
(c) Double layer geodesic configuration 
Figure 6.11 (part ii): Creation of a double layer geodesic form
which are concentric with the icosahedron. The sphere for the top nodes has a radius of 
12 units and that for the bottom nodes has a radius of 10 units. The geodesic 
configuration produced, and the line of tractation required for the transformation is shown 
in Figure 6.11(c). The formex variable H represents the geodesic configuration. In the 
views of the polyhedric configuration before and after tractation the upper layer is drawn 
in thicker lines to aid viewing.
The manner in which nodes are classified using the fourth coordinate is very important. If 
one of the first three coordinates had been used (the z-coordinate of the original face- 
object was 0 for the bottom layer and 1 for the top layer) the polyhedric configuration 
could have been produced as desired. However, when it came to projecting the resultant 
polyhedric configuration problems would have arisen since the x-y-z coordinates of the 
face-object change during polymation. The advantage of using the fourth coordinate is 
that is does not change during polymation or tractation, and so provides a permanent layer 
indicator.
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Double layer geodesic configurations may also be created from polyhedric configurations 
based on edge and vertex mapping. An example of such a form is shown in Figure 6.12 
where the polyhedric configuration has been obtained by using selective polymation on the 
edges of a heptagonal prism (P217). Again, a fourth uniple is used as a layer identification 
coordinate. The girder type edge-object is shown in Figure 6.12(a) and the resultant 
polyhedric configuration in Figure 6.12(b). The upper layer has been mapped to a 
circumradius of 10 units and the lower layer to a circumradius of 8.915 units. These
A-point for 
top layer 
(0.0,0)
Edge-object
A-point for 
bottom  layer (0.0,-1)
B-point for 
top layer 
(8 .0,0)\ r
B-point for 
bottom layer (8,0.-1)
(a) (b)
(c)
Figure 6.12: Double layer geodesic configuration created from edge mapping
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dimensions have been selected so that the thickness of the girder (i.e. the distance between 
the two layers) is equal to the length of one section of the truss on the upper layer. 
Projection of the two layers using selective tractation results in the geodesic configuration 
shown in Figure 6.12(c). Both layers have been projected onto circumscribing spheres (i.e. 
the radius of the sphere for each layer is equal to the circumradius of the respective 
polyhedron). It may be noticed from the dotted lines in Figure 6.12(c) that every web 
element of the girder passes through the origin of the coordinate system for the polyhedric 
configuration before and after tractation.
Although both selective polymation and selective tractation have been used in the previous 
two examples, this does not necessarily have to be the case. Shown in Figure 6.13 is an 
example of a geodesic configuration created using selective tractation but non-selective 
polymation. The view of the edge-object in Figure 6.13(a) shows that the ends of the 
edge-object have been mitred so that when they are mapped onto the edges of the 
heptagonal prism they fit together without gaps. Significantly, the fourth coordinate of 
each node is either 1 or 2 depending on whether the node is in the top or bottom layer, 
respectively. This fourth coordinate is not required in the polymation operation since non- 
selective polymation is employed. The result of the polymation is the polyhedric 
configuration shown in Figure 6.13(b). Since non-selective polymation was used the 
geometric proportions of the edge-object have not changed.
The result of the selective tractation operation, in which the polyhedric configuration is 
projected onto two concentric spheres, is shown in Figure 6.13(c). The fourth coordinate 
has been used to discern whether a node belongs to the upper layer and is projected onto a 
sphere of radius 10 units, or the lower layer to be projected onto a sphere of radius 8.915 
units. These dimensions are the same as for the example shown in Figure 6.12. It should 
be noted however that the geodesic form created here is different to that in Figure 6.12 in 
that the web elements do not pass through the origin of the coordinate system as they do 
in that example.
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A-poIntjao.o)V^
M itr e  a n g le
Edge-object
B -po in t 
(8.0.0) X
(a) (b)
(c)
Figure 6.13: Double layer geodesic configuration created using non-selective polymation
A number of double layer geodesic forms are illustrated in Figure 6.14. These have all 
been obtained using the polymation and tractation functions. The first two forms, shown 
in Figure 6.14(a) and Figure 6.14(b) have been created by projecting both layers of 
polyhedric configurations onto spheres. The differences between them are the pattern 
used and the faces of the icosahedron that are mapped onto. The double layer geodesic 
configuration shown in Figure 6.14(c) has been created by projecting both layers of a 
polyhedric configuration onto a cone. The polyhedric configuration is based on mapping
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onto the upper four faces of an octahedron. The final geodesic configuration is slightly 
unusual since it is created by tractation onto two different surfaces. The initial polyhedric 
configuration has been obtained from mapping onto three faces of a cube. The lower layer 
has then been projected using axial projection onto a circular cylinder and the upper layer, 
also using axial projection, onto an elliptic cylinder. In the perspective view of the 
geodesic configuration the members of the lower layer are shown in thicker lines to aid 
viewing.
(a) (b)
(c) (d)
Figure 6.14: Examples of double layer geodesic fonns
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6,5 Mep Function
It is often claimed that geodesic configurations (particularly those obtained by projection 
onto spheres) have a very even distribution of member lengths. Whether this is an 
advantage or not is not for discussion here. However, a function has been implemented 
which gives a full rundown of the number of members, and the range of member lengths, 
of a configuration. The name of this function is the ‘mep’ function, which is short for 
‘metrum profile function’. The word metrum translates approximately to ‘length’, so the 
function can be thought of as being a ‘profile of lengths’ of a configuration.
The function works by examining every member in turn and checking to see if there are 
any other members of equal length. For members to be classed as having ‘equal’ length, 
their difference in length must be less than the tolerance specified in the function. An 
example showing the format of the mep function is shown in Figure 6.15. It may be seen 
that there is only one function parameter, which is the tolerance. The formex F represents 
the configuration that the mep analysis is being earned out on, and the formex M 
represents the output.
Output Member length 
formex tolerance
\  IM=mep(0.00001)|F \
Input
Metrum profile formex
function name
Figure 6.15: Mep function
The tolerance given in the example is so small that members classified together can, for 
most practical purposes, be considered to have equal lengths. If there are a large number 
of different member lengths it might be appropriate to nominate a much larger tolerance. 
The effect of this would be to place series of members into groups which would then give 
an idea of the overall distribution of member lengths, but with not so much fine detail. The
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output (or dependent variable) of the mep function is a formex containing the details of the 
member lengths. An example of such a formex is shown in Figure 6.16. The formex D 
does not represent a mep analysis of any particular configuration so is purely for demon­
stration purposes. As may be seen from the figure the first two numbers indicate the 
number of different member lengths and total number of members, respectively. There are 
then two numbers for each member length, the first giving the actual member length and 
the second the number of members with that length. The formex is always a floatal formex 
and is comprised of cantles each containing two numbers (uniples).
Number of different Total number ofOutput member lengths (=4) members (=120)
formex I /
M={[4.000000E+000,1.200000E+002], [3.237305E+000,4.000000E+001 ], [5.784329E+000,3.000000E+001 ], [8.395267E+000,3.500000E+001 ],[1.174389E+001,1.500000E+001 ]}
Member lengths In No. of membersascending order at each length(3.24,5.78,8.40,11.17) (40,30,35,15)
Figure 6.16: Mep fimction output
Shown in Figure 6.17 is an example of the use of mep function. Illustrated in Figure 
6.17(a) is a grid dome, produced by projecting a plane grid onto a sphere of radius 50 
units. In Figure 6.17(b) is a geodesic dome which is formulated by projecting a polyhedric 
configuration based on the top five faces of an icosahedron, also onto a sphere of radius 50 
units. Metrum profile analysis has been carried out on both domes using the mep function 
with a tolerance of 0.000001. The results for the grid dome and geodesic dome have been 
transformed from formex form into tabular form and are shown in Figure 6.17(c) and 
Figure 6.17(d), respectively.
It is immediately noticeable from the diagrams that there is a far greater range of member 
lengths with the grid dome as opposed to the geodesic dome. This is supported by the
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(a) Grid Dome
Member No. of Member No. of
length members length members
5.480 6 9.169 12
6.259 12 9.226 6
7.053 12 9.657 12
7.139 6 10.204 12
7.648 12 10.406 12
7.762 12 10.649 12
7.887 12 10.895 6
8.087 12 11.443 6
8.442 12 11.848 12
8.696 6 12.092 12
8.850 12 12.883 6
8.985 12 12.993 6
(b) Geodesic Dome
Member
length
No. of 
members
8.128 20
9.095 30
9.369 20
9.524 15
9.901 30
10.141 50
10.295 60
10.768 30
10.831 30
Total no. of members: 240
No. of different member lengths: 24
Total no. of members: 285 
No. of different member lengths: 9
(c) Data for grid dome (d) Data for geodesic dome
Figure 6.17: Use of mep function
mep data which shows the longest member length on the grid dome (12.993) is well over 
double the shortest (5.480). With the geodesic dome the longest member (10.831) is only 
1.33 times the shortest (8.128). The mep data also shows that there are far more different 
member lengths with the grid dome (24) than the geodesic dome (9) even though the 
geodesic dome has more members overall. The data may be analysed further but, as stated
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before, the pui*pose here is not to examine the merits of geodesic configurations but to 
explain the working of the mep function.
6.6 Further Transformations
It was mentioned earlier in the chapter that a polyhedric configuration may be thought of 
as a ‘lump of steel in the hands of a blacksmith’. This is a good analogy since there is no 
inherent final stage in the production of a polyhedric configuration. A configuration may 
be worked in as many stages as required in order to turn it into the desired shape. This 
may be achieved by not only using the tractation function in conjunction with the 
polymation fimction, but also by using other aspects of formex algebra.
The nature of any additional transformation could involve simply moving a configuration 
using translation or rotation operations. Alternatively a configuration may be replicated, 
or deformed. This could be achieved using a number of formex functions such as dilix or 
novation. A new function, known as ‘traviation’, may be used to harmonise the lengths of 
the members by changing nodal positions slightly according to designated conditions. In 
short, there are countless ways in which a polyhedric configuration may be transformed. 
Illustrated in Figure 6.18 and Figure 6.19 are two examples of geodesic configurations 
which have undergone change. In the first of these the configuration of Figure 6.18(a) has
(a) (b)
Figure 6.18: Transformation of a geodesic configuration
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(a) (b)
Figure 6.19: Replication of a geodesic configuration
been stretched in a diagonal direction to produce the configuration shown in Figure 
6,18(b). The same elevation view of the configuration is used in both cases. In the second 
example, the configuration illustrated in Figure 6.19(a) has been replicated in two 
directions to produce the configuration shown in Figure 6.19(b). The original polyhedric 
configuration is obtained by mapping onto the faces of an octahedron.
The additional treatment applied to a geodesic configuration is not confined to what is 
available with formex algebra. Once a configuration has been created in Formian (the 
programming language of formex algebra) it may be exported to other packages. The 
reason for this may be to carry out structural analysis of a proposed geodesic dome using 
an analysis package such as ABAQUS. Alternatively the desire could be to take advantage 
of the many graphics packages available. In particular, ‘rendering’ of configurations is 
becoming increasingly popular as it allows more realistic views of structures to be 
obtained. The subject of rendering is discussed in Appendix VI.
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Conclusions and Future Work
In this work, the creation and manipulation of many types of polyhedric configurations 
have been examined. Techniques for processing polyhedric configurations in a computer 
based environment have been established. These techniques should enable engineers and 
architects to take full advantage of the whole spectrum of polyhedric configurations avail­
able. Outlined below is a summary of the conclusions that may be drawn from the present 
work, summarising the advances that have been made. Following this is a look at further 
work that may be carried out in this field, examining areas of possible future research.
7,1 Conclusions
There is presently an opportunity for an ever greater variety of polyhedric configurations 
to be produced. Limitations that have held up engineers and architects in the past can now 
be overcome using the latest computer technology allied to appropriate concepts. The 
computer based approach presented in this work establishes a methodology on which the 
techniques are based. The concepts are implemented through formex algebra and, more
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specifically, the programming language that incorporates the concepts of formex algebra: 
Formian.
7.L I  Reference Systems
An essential element when building a computer model of a polyhedron is a suitable 
reference system. This not only entails a coordinate system, but a procedure for 
identifying all the individual elements of the polyhedra. The coordinate system selected in 
this work is a right-handed Cartesian system of which the origin is at the centre of the 
respective polyhedron. The manner in which identity numbers and orientation systems are 
assigned to the different entities (faces, edges and vertices) of polyhedra is according to a 
set of rules that have been formulated for this purpose (contained in Appendix II). The 
rules give each entity an individual identity number as well as an associated orientation 
system (a baseline for a face, a direction for an edge and a handle for a vertex). Applying 
the rules to the polyhedra produces a vast amount of data for the polyhedron entities. This 
data is presented in the form of a series of diagrams covering all the entities of the full 
range of polyhedra (contained in Appendix III). These allow an identity number and 
orientation arrangement to be obtained at a moments glance.
7.1.2 Functions
As mentioned above, the medium through which the concepts have been implemented is 
formex algebra and the programming language Formian. Functions have been imple­
mented within Formian so that the processing of polyhedric configurations can be carried 
out using the standard elements of the language. The main functions created are as 
follows:
• Polymation function
• Antipolymation function
• Basiretian function
• Pod function
• Tractation function
• Mep function
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The polymation function is the cornerstone of the work, encompassing principles that 
allow mapping onto the faces, edges and vertices of an infinite number of polyhedra. The 
faces of the five platonic polyhedra have long been used as bases for many elegant 
structures around the world. Engineers have been reluctant though to base their structures 
on some of the less well known Archimedean polyhedra due to lack of knowledge 
regarding the polyhedra and processing difficulties. This latter problem is eased sub­
stantially by the polymation function, which may also be used to process configurations 
based on prisms, antiprisms and the isomers of Archimedean polyhedra. In addition, the 
concept of selective polymation allows multiple layer configurations to be developed, 
which are generally preferred for large span structures.
The antipolymation fimction is extremely useful when used in conjunction with the 
polymation function. This point is alluded to in Chapter 4 where attention is drawn to 
polyhedric configurations produced by multiple operations on polyhedra. This enables j
configurations involving combinations of polyhedra to be produced. There are many i
combinations of polyhedra that may be close packed, an example being the octahedron and 
the truncated cube. ,
The basiretian function is the means through which another range of concepts are |Iimplemented. These concepts allow polyhedra to be used to create configurations which 
have nodes positioned according to their relationship with any entity of any polyhedron of j
any size. The series of polyhedra therefore become a ‘coordinate system’ in themselves, 
the basiretian function being used to transform the nodal positions into Cartesian 
coordinates. |
The pod function is an important accessory to the polymation function as it provides a 
complete data backup for the polyhedra. A wide range of polyhedral information may be 
accessed using the function. This ranges from basic data such as the number of faces that 
a polyhedron has to more complex measurements such as the angle subtended at the centre 
of a polyhedron by a line joining the centre of a face and the centre of an edge.
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Geodesic domes are one of the most conspicuous manifestations of polyhedric config­
urations and they have been around for a long time since being popularised by 
Buckminster Fuller, The tractation fimction can be used to produce geodesic forms (when 
used in conjunction with the polymation function). The function may be used to project 
using four different projection methods onto a total of seventeen surfaces, covering the 
most common requirements. In addition, the concept of the ‘raft’ surface has been 
included to allow projection onto any user-defined surface. With selective tractation a 
whole new avenue is opened up, including the possibility of multilayer forms.
Finally, there is the mep function, which carries out a simple, but important, role in 
performing an analysis of the member lengths of a configuration.
Together, these six functions provide the tangible result of the present work. They are the 
means through which polyhedric configurations can be created with ease and elegance, 
allowing a multitude of possible forms. It is hoped that the popularity of polyhedric 
configurations will increase in step with the advances made in generation techniques. As 
ever, economic considerations come high in the priorities of people commissioning 
structures. If this were not the case it is conceivable that Buckminster Fuller’s famous idea 
of covering Manhattan with a geodesic dome could have been realised.
7.2 Future Work
The concepts presented in this work greatly enhance the variety of conveniently available 
polyhedric configurations. However, there are limitless possibilities as to what may be 
achieved with polyhedra. There are a wide variety of paths along which future research 
into polyhedric configuration could follow. A selection of some of these possible areas of 
research are outlined below. There are some very exciting options that may be taken to 
further the progress made into configuration processing of polyhedric configurations.
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7.2.1 Exploring Polyhedric Configurations
The present work has concentrated on providing the tools for the creation of polyhedric 
configurations. As such there is considerable scope for investigating the range of possible 
configurations that may be created. Horizons have been expanded with the availability of a 
large number of polyhedra, and a number of different ways of using these polyhedra. For 
example, the wider implications of selective polymation and selective tractation have yet to 
be discovered, as they are so far mainly used for the creation of double layer config­
urations.
7.2.2 Mitring
The importance of mitring has been stressed on a number of occasions in the present work. 
The basis of the problem is trying to ensure that when multilayer configurations are 
mapped onto polyhedra the chords of various layers meet as intended (usually meaning 
that there are no gaps). This problem is looked at briefly in terms of mapping onto faces 
and edges, where formulae for the calculation of the ‘mitre angles’ are established. 
However, little investigation has been carrying out in regard to mitre angles for vertex 
mapping, or indeed mapping onto the faces of Archimedean polyhedra. This latter case 
presents a particular problem in that a face-object has different mitre angles depending on 
the particular edge. Techniques for overcoming these difficulties are consequently of great 
value.
7.2.3 Positation Function
Details of the positation function are contained in Appendix V. As stated there, the 
function has evolved out of the polymation fimction to allow mapping into any user 
defined position, which is not necessarily governed by a polyhedron. At the moment the 
function may be used to transform configurations according to one, two, three or four 
points, as explained in the section. The concepts introduced are still in an embryonic 
stage, and it is envisaged that the function will be expanded in the fiiture. This should 
enable positation to take place with a much greater array of options. Positation should 
then become a very useful complement to polymation.
Oliver C Champion Page 262
Chapter 7: Conclusions and Future Work PhD Thesis
7.2.4 Rendering
It is always difficult to visualise how a structure is going to look from architects’ drawings. 
This is especially true of space structures, where configurations can appear as a mass of 
lines (especially multilayer configurations). A solution to this problem is the use of 
rendering techniques to produce more realistic views of completed structures. A few 
examples of basic rendering operations are contained in Appendix VI. It is important that 
the growth in available configurations produced using new techniques is accompanied by 
an increase in the use of space structures in the world. One way of achieving this is by 
improving the public perception of space structures by using techniques such as rendering. 
This way, people may see the visual impact of a structure before it is actually constructed.
7.2.5 Quasicrystals
The selection procedure used to choose the ranges of polyhedra included in the polymation 
function is explained in Appendix I. The basic criterion was that all polyhedra should be 
comprised of faces which are regular polygons. This encompasses a wide selection of 
polyhedra. However, there are many other polyhedra which do not fulfil these criteria, but 
are of great interest. These include the series of polyhedra which are created using 
quasicrystal geometry [18]. The starting point for all quasicrystals are the two cells shown 
in Figure 7.1. Each cell is comprised of six rhombic faces, the interior angles of each face
(a) Fat cell (b) Thin cell
Figure 7.1: Quasicrystal cells
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being set by the ratio of the two diagonals, which are in the proportion 1:t (the golden 
proportion, x, is approximately equal to 1.6180 [19]). By joining the faces in different 
ways, either a ‘fat’ cell or a ‘thin’ cell is obtained. By combining equal numbers of both 
the fat and thin cells, quasicrystal structures are produced, which fill space. An example of 
such a structure is the rhombic triacontrahedron, as shown in Figure 7.2, which is 
comprised of ten fat cells and ten thin cells. This polyhedron shares various properties 
with the dodecahedron and icosahedron. An interesting feature of quasicrystals is the fact 
that they are non-repeating, a particular pattern only reappearing at irregular intervals. 
Generation of quasicrystals is a notoriously complex affair, and could be improved greatly 
with an implementation of the principles in the Formian environment.
Figure 7.2: Rhombic triacontrahedron
7,S Final Remarks
It is very apparent that there are no set boundaries to the panoply of polyhedric config­
urations. The work presented here is intended to play a part in bringing a large quantity of 
these configurations within the reach of architects and engineers who have been held up by 
processing inadequacies throughout the years. The list of options for future work shows 
that there are many areas which require greater consideration.
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Hierarchy of Polyhedra
Deciding on which polyhedra were to be selected for inclusion within the polymation 
function was carried out using a set of criteria to determine how ‘regular’ they are. There 
are an infinite number of polyhedra, but they may be divided into a number of different 
classes. The class of polyhedra considered for the polymation function are those 
comprised of faces which are non-intersecting, regular, plane, convex polygons with 
straight edges. This implies that all edges are of equal length.
This class of polyhedra may be subdivided into six families of polyhedra, as follows:
a) Platonic polyhedra
b) Archimedean polyhedra
c) Prisms
d) Antiprisms
e) Isomers of Archimedean polyhedra
f) Other convex polyhedra with regular faces [20]
One example from each category is shown in Figure I.l, the letters corresponding to the
(a)
\
\
(c)
(d) (e) (f)
Figure 1.1 : Families of convex polyhedra
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above list. The families of polyhedra are listed in order of ‘regularity’ which is a very 
subjective concept. In order to clarify the situation the determining factors which are used 
to rank the families are listed. Platonic polyhedra come at the top of the list and are seen 
to be ‘most’ regular since they are the only ones comprised of faces which all have the 
same number of sides. The other five families are separated by the following three 
conditions:
1. Every vertex has the same number of each polygon meeting there. For example, at the 
vertex of a cuboctahedron there are always two triangles and two squares.
2. Each vertex is congment (either oppositely or directly) to any other vertex, i.e. the 
order of the faces around each vertex is the same (although it may be in the reverse 
direction).
3. The polyhedron may be circumscribed by a tetrahedron so that four faces lie on the 
faces of that tetrahedron.
Given in Table I.l is a list of the six families, showing which of the conditions they fulfil 
(except for the Platonic polyhedra which have already been classified as most regular). 
Also given is the number in each class, and whether the family of polyhedra is available 
with the polymation function.
Family of polyhedra Number in set
Rules that 
they fulfil
Available with poly­
mation function?
Platonic polyhedra 5 n/a yes
Archimedean polyhedra 15 1,2,3 yes
Facially regular prisms 00 1,2 yes
Facially regular antiprisms 00 1,2 yes
Isomers of Archimedean polyhedra 6 1 yes
Other convex polyhedra with regular faces 92 none no
Table I.l: Characteristics of Polyhedra
It may be seen from the table that the Archimedean polyhedra fulfil all three conditions and 
are so ranked immediately following the Platonic polyhedra. Next in line are the infinite 
series of prisms and antiprisms which fulfil the first two conditions, but not the third.
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Following these are the isomers of Archimedean polyhedra which fulfil just the first 
condition, and the other convex polyhedra which do not fulfil any. As the table implies, 
the first five categories are available in the polymation function. However, if the other 
convex polyhedra are required, they may be obtained by using the polymation function in 
conjunction with the antipolymation function. The reason for this is that they are based on 
the polyhedra available with the polymation function.
One final point to note is that some polyhedra belong to more than one of the categories of 
polyhedra. Examples are the square prism which is also a cube, and the triangular 
antiprism which is also an octahedron. The square prism can therefore be said to have 
more ‘regularity’ than the other prisms. Similarly, the isomer for the small rhombi- 
cuboctahedron has more ‘regularity’ than the other isomers because it fulfils condition 2 as 
well as condition 1. For this reason it is often considered alongside the prisms and 
antiprisms and given the name ‘pseudo rhombicuboctahedron’.
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Ordering Ruies
Contained within are a collection of rules for ordering the faces, edges and vertices of a 
Platonic or Archimedean polyhedron, an isomer, a prism or an antiprism, where the term 
‘ordering’ is used to mean putting in a sequence. The sequencing would then allow 
identity numbers to be assigned to the faces, edges and vertices of a polyhedron. This is 
done by taking the serial position number of an entity in the sequence as its identity 
number. Also included in the appendix are rules that govern the choice of baselines for 
faces, A-ends and B-ends for edges, and handles for vertices. The rules are as follows:
(1) When all the faces of a polyhedron have the same number of sides, then the faces are 
ordered with respect to the ascending values of the angular spherical coordinates s and 
t of the centres of the faces, where the value of t is considered first and the value of s 
is considered only if the centres of the faces compared have the same value of t. The 
disposition of the s and t spherical coordinates together with the x-y-z global co­
ordinate system in relation to a polyhedron (cuboctahedron) are shown in Figure II. 1.
When the faces of a polyhedron have different numbers of sides, then all the faces that 
have the same number of sides are considered together for ordering, starting with the 
faces that have the least number of sides and proceeding in the order of increasing 
number of sides.
(2) For each face of a polyhedron, one of its sides is designated as the ‘baseline’. The 
baseline of a face is chosen in the following manner:
(a) If only one of the sides of the face is parallel to the ‘t=90° plane’, (that is, the x-y 
plane), then this side is chosen as the baseline of the face. The ‘t=90° plane’ is 
referred to as the ‘equatorial plane’ or the ‘E-plane’, Figure II. 1.
(b) If only two of the sides of the face are parallel to the E-plane, then of these two 
sides, the one that is nearer to the E-plane is chosen as the baseline and if the sides 
are equidistant from the E-plane then the ‘southern’ side is chosen as the baseline.
Appendix II: Ordering Rules Page 270
AZG-Plane (Greenwich Plane)
NorthernHemisphere
/  E-Plane (Equatorial Plane)SouthernHemisphere
Figure II. 1 : Cartesian and spherical coordinate systems for a polyhedron
(c) If the face is parallel to the E-plane and one of its sides intersects the ‘s=0 semi­
plane’, then this side is chosen as the baseline of the face. The ‘s=0 semi-plane’ is 
referred to as the ‘Greenwich plane’ or the ‘G-plane’. This is the part of the x-z 
plane for which x > 0, Figure II. 1.
(d) If the face is parallel to the E-plane and the G-plane passes through a comer of the 
face, then of the two sides that are connected to this comer, the one whose 
midpoint has the smaller s coordinate is chosen as the baseline of the face.
(e) If the face does not have a side that is parallel to the E-plane, then the face is 
imagined to be subjected to a rotation in the ‘right-handed screw direction’ and, as 
the angle of rotation increases, the first side that assumes a position satisfying one 
of the conditions (a) or (b) above is chosen as the baseline of the face. To 
describe the term ‘right-handed screw direction’, imagine a right-handed screw 
whose head is at the centre of the polyhedron and is pointing towards the centre of 
a face. The direction of rotation that causes the screw to move towards the face is 
referred to as the ‘right-handed screw direction’ or the ‘RS-direction’.
(3) Each end of the baseline of a face of a polyhedron has an associated letter. To 
elaborate, one end is associated with the letter A and is referred to as the A-end and 
the other end is associated with the letter B and is referred to as the B-end. The
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allocation of the letters A and B to the ends is made such that movement from A to B 
is in the RS-direction.
(4) The edges of a polyhedron are ordered with respect to the ascending values of the 
angular spherical coordinates s and t of their midpoints, where the value of t is 
considered first and the value of s is considered only if the midpoints of the edges 
compared have the same value of t.
(5) Each end of an edge of a polyhedron has an associated letter. To elaborate, one end is 
associated with the letter A and is referred to as the A-end and the other end is 
associated with the letter B and is referred to as the B-end. The allocation of the 
letters A and B to the ends is made in the following manner:
(a) If the edge is parallel to the E-plane then the A-end and B-end of the edge are 
chosen such that movement from A to B is in the positive s direction, Figure II. 1.
(b) If the edge is not parallel to the E-plane then the A-end and B-end of the edge are 
chosen such that:
• if the midpoint of the edge is in the E-plane or if its midpoint is in the northern 
hemisphere then movement from A to B is southward and
• if the midpoint of the edge is in the southern hemisphere then movement from 
A to B is northward.
(6) The vertices of a polyhedron are ordered with respect to the ascending values of their 
angular spherical coordinates s and t, where the value of t is considered first and the 
value of s is considered only if the vertices compared have the same value of t.
(7) For each vertex, one of the edges that is connected to it is designated as the ‘handle’. 
The handle of the first vertex of a polyhedron (that is, vertex No. 1) is the edge that 
connects it to vertex No. 2. The handle of any other vertex is obtained by mapping 
the configuration of the first vertex onto the configuration of that vertex and selecting 
the edge that corresponds to the handle of the first vertex. The configuration of a 
vertex of a polyhedron can, in most cases, be mapped onto the configuration of any
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other vertex of the same polyhedron by simple ‘rigid motion’ (by translation and 
rotation). However, in some cases the mapping of the configuration of a vertex onto 
that of another vertex cannot be achieved unless an additional reflectional operation is 
performed. To elaborate, with two exceptions, for every Platonic or Archimedean 
polyhedron, prism or antiprism, all the vertices of the polyhedron are ‘directly 
congruent’. That is, the configuration of each vertex of the polyhedron may be 
mapped onto that of every other vertex of the polyhedron by simple rigid motion of 
the configuration. The exceptions are the great rhombicuboctahedron (P ll)  and the 
great rhombicosidodecahedron (PI 8). For each of these two polyhedra, some vertices 
are directly congruent to the first vertex of the polyhedron and the other vertices are 
‘oppositely congruent’ to the first vertex. The term ‘oppositely congruent’ is used to 
refer to two configurations that cannot be mapped into one another without reflection 
(in addition to rigid motion). The need for reflection in vertex mapping for P l l  and 
P18 arises as a consequence of the shapes of their vertex figures, as shown in Table 
n .l  (a ‘vertex figure’ is a polygon obtained by connecting the midpoints of the edges 
that meet at a vertex). From Table II. 1 it may be seen that every Platonic or 
Archimedean polyhedron, other than P l l  and P I8, has only one vertex figure (prisms 
and antiprisms, which are not shown, also have just one vertex figure each). On the 
other hand, in the case of P l l  or P I8, there are two vertex figures that cannot be 
mapped into one another without reflection.
The vertex mapping procedure described above will allow the handles to be ‘uniquely’ 
determined for all the vertices in all the cases except for icosidodecahedron (PI2), 
cuboctahedron (P7) and the Platonic polyhedra. For each of these seven polyhedra, 
the mapping of the configuration of the first vertex onto that of another vertex can be 
done in more than one way. This is a consequence of the shapes of the vertex figures 
for these seven polyhedra. To elaborate, it may be seen fi'om Table II. 1 that the vertex 
figure of each of these polyhedra can map into itself in more than one way. In the 
case of these polyhedra, the handles of vertices are chosen using the following rules:
(a) For a ‘ring’ of vertices, that is, for a circularly disposed set of vertices that lie in a 
plane parallel to the E-plane, the handles are chosen such that they constitute a 
cyclically symmetric configuration.
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(b) The disposition of the handles for a southern ring of vertices is obtained by 
‘turning over’ the corresponding northern ring (and rotating it, if necessary).
(c) If there is a vertex whose handle is not uniquely deteimined by the above rules 
then, amongst different possible handles, the one that has the smallest vertex 
number at the other end is chosen.
Polyhedron Vertex Figure
FI. Tetrahedron EquilateralTriangle A
P2. Cube 0
Equilateral
Triangle A
P3. Octahedron Square □
P4. Dodeca­
hedron © EquilateralTriangle A
P5. Icosahedron 0 * 0 Pentagon O
P6, Truncated 
Tetrahedron o IsoscelesTriangle A
P7. Cubocta­
hedron © Rectangle |J
PS. Truncated 
Cube 0
Isosceles A 
Triangle
P9. Tmncated 
Octahedron
Isosceles
Triangle A
PIO. Small Rhom- 
bicuboctahedron
Isosceles
Trapezium A
Polyhedron Vertex Figure
PH. Great
Rhombicub-
octahedron
Irregular Triangles 
(reflections)
P12. Icosido-
decahedron sX 7 Rectangle
P13. Truncated 
Dodecahedron
Isosceles A 
Triangle ÂA
P14. Truncated 
Icosahedron
Isosceles A 
Triangle ÂÀ
PIS. Left Snub Cube 
P16. Right Snub Cube
Squashed ^— 
Pentagon
PI7. Small Rliomb- 
icosidodecahedron XB/
Isosceles f \  
Trapezium A_A
PIS. Great
Rhombicosi-
dodecahedron
Irregular Triangles 
(reflections)
P19. Left Snub 
Dodecahedron 
P20. Right Snub 
Dodecahedron
Squashed
Pentagon
Table II. 1: Vertex figures of Platonic and Archimedean polyhedra
(8) The vertex figures for the isomers are not shown in Table II. 1 (but are detailed in 
Chapter 2). The vertices of rhombicuboctahedron isomer (PI01) are all directly 
congruent and the configuration of vertex 1 can be mapped onto the other vertices in 
just one way, so there is no ambiguity involved. However, the vertices of the isomers 
obtained from the cuboctahedron, the icosidodecahedron and the small 
rhombicosidodecahedron are not either directly or indirectly congruent. The
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procedure used for these polyhedra is as follows:
(a) The vertex identity numbers are assigned in the usual way.
(b) The handle of the first vertex of an isomer (that is, vertex No. 1) is the edge that 
connects it to vertex No. 2. Vertex No 2. is then examined to see if it is 
congruent with vertex No.l. If it is congruent the handle of vertex No. 2 is 
obtained by mapping the configuration of the first vertex onto the configuration of 
the second vertex and selecting the edge that corresponds to the handle of the first 
vertex. Each vertex is then examined in turn to see if it is congruent with a vertex 
with a lower identity number. If a vertex is congruent with a previously examined 
vertex then the corresponding edge is designated the handle. If no previously 
examined vertex is congruent to the present vertex the edge which connects to the 
lowest vertex number is designated the handle. For example, if the configuration 
of vertex 10 is not congruent to vertices 1-9 then handle of vertex 10 will be the 
edge connecting to vertex 11 (assuming that vertex 11 connects to vertex 10). No 
reflection or any other transformation is considered.
(c) If there is any ambiguity regarding the selection of a handle for an isomer, then 
this is settled using the same procedures as for Platonic and Archimedean 
polyhedra, as contained in 7a), 7b) and 7c). As a last resort these rules require 
that the edge connecting to the vertex with the lowest identity number is selected 
as the handle.
(9) Each end of the handle of a vertex of a polyhedron has an associated letter. To 
elaborate, the end that is at the vertex is associated with the letter A and is referred to 
as the A-end and the other end is associated with the letter B and is referred to as the 
B-end.
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Identity Numbers and Orientation Systems
The allocation of identity numbers and the assigning of baselines for faces, directions for 
edges and handles for vertices is carried out with respect to the rules contained in 
Appendix II. In order to minimise the potential for error and assist in the operation of the 
polymation function, diagrams have been prepared for each of the polyhedra. The 
diagrams use the conventions described in Chapter 3 to indicate the required information.
The diagrams are divided into two sections. The first section contains information 
regarding faces and the second section relates to edges and vertices, which in some cases 
are included on the same diagram. Every face, edge and vertex of the Platonic and 
Archimedean polyhedra and their isomers are covered. However, since there are an 
infinite number of prisms and antiprisms, only the first five in each case are included. That 
is prisms and antiprisms with upper and lower faces ranging from three sides to seven 
sides.
The number of polyhedra included on each page ranges from four, when there is not too 
much information to convey, to one with polyhedra such as the great rhombicosi­
dodecahedron which has a large amount of data. Each polyhedron is labelled, both with its 
name and its P-name.
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SECTION A
Identity Numbers and Baselines 
for Faces of Polyhedra
Appendix III: Identity Numbers and Orientation Systems Page 278
4b
PI: Tetrahedron P2: Cube
P3: Octahedron P4: Dodecahedron
Appendix III: Identity Numbers and Orientation Systems Page 279
(X)
19bVLyi8a
P5: Icosahedron
2a
5a
P6: Truncated Tetrahedron
2a
,11g
12b
14e
10a
P7: Octahedron P8: Truncated Cube
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10a
13a
11a1 4c \ /3 b
12d /
P9: Truncated Octahedron
Ô \
13a
^ 2 0 ^
\1 Oa 1 > 11a
21 d
17a
24b
16a14b
22a 23b ,/25d - \ - “ — 26d
PIO: Small Rhombicuboctahedron
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21c
14a16a 13a
8a
- \5 a
 Hy / 1 8 a
17 a ^ \ ' '  .
')-----------r - / \ 2 3 a  /
' 11bN v v y
19a
,20a' 25b
22a12a
10a26e
PI 1 : Great Rhombicuboctahedron
21a
24el26c
25c 23e
10c
2a15a 11a14c/ \13c/
30c 28e
'31c ! 19c
\16a 32d20c 17c
P12: Icosidodecahedron
Appendix III: Identity Numbers and Orientation Systems Page 282
21a
5a
29a25b
13b14a
26a 10a 23a22c / 27a31b 12a15a 11a
16a 17c
P13: Truncated Dodecahedron
26b \
P14: Truncated Icosahedron
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33a
15b9b- / 36d 14a
11b 35d16b! / 34d 13b
I37b,
31c 23c28b > 27b 30b 22b ;
21b38b 29a
32b
P I5; Left Snub Cube
20b
18c
2 8 b ^  
2 7 ^ ^
\29a ^ - v é 'O /W .^ 3 0 a  
P I6: Right Snub Cube
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3 a /l
37b' 
15b '
62c 50d
PIT: Small Rhombicosidodecahedron
30d - 62'g ''2 6 c
P I8: Great Rliombicosidodecahedron
Appendix III: Identity Numbers and Orientation Systems Page 285
86c 24b
80c 75b
"^763 67a 92e 
P I9: Left Snub Dodecahedron
92b 76b 67c
P20: Right Snub Dodecahedron
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P213: Triangular prism P214: Square prism
P215: Pentagonal prism P216: Hexagonal prism
0 9 c
P217: Heptagonal prism
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P223: Triangular antiprism P224: Square antiprism
P225: Pentagonal antiprism P226: Hexagonal antiprism
P227: Heptagonal antiprism
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\ 10c
12d
11a
13a
/ 6c
14d /
P71: Cuboctahedron Isomer
22b \\  /  ^A23d
26a''r
P I01: Rhombicuboctahedron Isomer
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> 21 a
25c
23e22c26c
10a
,31
\ l 4 c
11a15a /  27a 12c
.32a 17c19c
P121: Icosidodecahedron Isomer
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47a
P171: Rhombicosidodecahedron Isomer 1
3 ad \3 b
47a
P I72: Rhombicosidodecahedron Isomer 2
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51a 23d À 2
aid
11c
8b>
10c
62c 60d 46c
P I73: Rhombicosidodecahedron Isomer 3
22c51a 23d A 2  2a-^y-«^!r'V’(!r
_ _ . . 2 8 a / j
\Æa \
41a' 
• 7 l 8 a - -
y46bV'
P I74: Rhombicosidodecahedron Isomer 4
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SECTION B
Identity Numbers and Directions 
for Edges of Polyhedra
Identity Numbers and Handles 
for Vertices of Polyhedra
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PI: Tetrahedron
P2: Cube
X - point
P3: Octahedron
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P4: Dodecahedron
P5: Icosahedron
(X)
P6: Truncated Tetrahedron
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P7: Cuboctahedron
P8: Truncated Cube
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\  27 Y /
17
28
V32
P9: Truncated Octahedron
45 ^ 2 1 /—  46
PIO: Small Rhombicuboctahedron
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3 0 ) -
72 65 ^  66
PI 1 : Great Rhombicuboctahedron
60 ^  OT —  67
P I2: Icosidodecahedron
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8 8 ^  87
79 y 89
P13: Truncated Dodecahedron
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30 V
3218
/  45
44 \
\37
35
36
83
5688
80X 2:71
86
è
P14: Truncated Icosahedron
Appendix III: Identity Numbers and Orientation Systems Page 300
P I5: Left Snub Cube
P I6: Right Snub Cube
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10 3
^20 115 i t o " *
P I7: Small Rhombicosidodecahedron
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V151 ’
V
1 5 5 J
1 >  -I
140 131;
1 5 ^-----■<------
1 5 0 , '
.1 4 6
141
180 171 172
158
y'xiee ïes^X
^^®179 ^ 7 2  173
P I8: Great Rhombicosidodecahedron
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©©
0 -
P I8: Great Rhombicosidodecahedron
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26 25 .
23
135 136
----------71
132 /  A124X  '/  123 I
146
P I9: Left Snub Dodecahedron
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mP I9: Left Snub Dodecahedron
Appendix III: Identity Numbers and Orientation Systems Page 306
14.
1520
29
150
128 /  \
P20: Right Snub Dodecahedron
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P20: Right Snub Dodecahedron
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P213; Triangular prism
,Xz>-
P214: Square prism
P215: Pentagonal prism P216: Hexagonal prism
P217: Heptagonal prism
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P223 : Triangular antiprism P224: Square antiprism
/11'M0
P225: Pentagonal antiprism P226; Hexagonal antiprism
P227: Heptagonal antiprism
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P71: Cuboctahedron Isomer
PlOl: Rhombicuboctahedron Isomer
Appendix III: Identity Numbers and Orientation Systems Page 311
P121: Icosidodecahedron Isomer
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58 Ÿ
1 P 3 > -1 - '*^ 111 11 o yy i l l ## %#/  I>lPSs B6/86n 9 ^i.iruî .i i s ï î i l
%
P171: Rhombicosidodecahedron Isomer 1
Appendix III: Identity Numbers and Orientation Systems Page 313
103^ \ - i i i  i i o rA 9 5\_98 /86 iJ7
120
1 0 4 i ^ = ' 5 i S Ï ^ ^ °
1Ï6 117
P I72: Rhombicosidodecahedron Isomer 2
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103X
104 114'
120 116
P I73: Rhombicosidodecahedron Isomer 3
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M .
P I74: Rhombicosidodecahedron Isomer 4
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Specification of Software
All of concepts introduced in the present work are implemented in the Formian environ­
ment through new functions. Without the associated software to create these new 
functions the concepts would not actually be put into practice and would remain purely 
theory. In order to use Formian and the new functions it is not necessary to be aware of 
the format of the software. However, for users whose intention goes deeper than just 
using the finished product a specification of the software is required.
The specification of the software is divided into two sections. The first of these is a ‘user 
guide’ of how new functions in general are added to Formian. The second section 
describes in detail the files which have been created to implement the concepts described in 
this work.
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SECTION A
Addition of New Standard Functions 
to the Formian Software
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Formian is a living piece of software in that it is continually being updated and improved 
by the addition of new functions to those already available. It gives users much more 
flexibility to be able to add functions by themselves so that they can be tailored to their 
individual requirements. In order that a user may achieve this, a step by step guide has 
been produced, detailing all the necessary points. These instructions are divided into two 
main parts. The first of these gives background information on the computer software 
required and how to set up the C++ compiler. The second part contains information on 
how to install a new function, including a step by step example. If the user is already 
familiar with the Microsoft Developer Studio and Visual C++ they should jump 
immediately to the second part (IV. A2).
IVAl Preliminary requirements: Setting up of Formian Project in Visual C++
Before any new functions can be considered, it is necessary to install the required software 
and understand how it works. Following is an explanation of how this is accomplished and 
definitions of some of the key terminology used in conjunction with the programming.
IV. A 1.1 Computer System
A PC equipped with Microsoft Windows95 is required to use the software necessary for 
the creation of Formian. A minimum of a Pentium90 processor is recommended.
IV. A 1.2 Installation o f Microsoft Developer Studio (Visual C++ compiler)
The preferred software is the ‘Microsoft Developer Studio’, a Windows compiler upon 
which all of the subsequent instructions apply. It is, of course, possible to compile the new 
version of Formian using a different compiler, with the user making the appropriate 
changes to the following instructions. The software should be installed using the 
manufacturer’s instructions.
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IV. A1.3 Creation o f Formian Directory and Copying o f Source Files
A new folder (usually in the root folder) needs to be created to contain all the source files 
used to build the new Formian. This folder may be named at the user’s discretion. It can 
be as simple as ‘Formian’, or include a version number such as ‘Forml’ if further versions
are to be created which need to be distinguished from each other. Witliin this folder two
sub-folders are required, which should be called ‘Res’ and ‘WinDebug’.
For the next step, it is necessary to have another version of Formian to copy the source 
files from. It is usually convenient to use the most up to date version available for this 
purpose. Into the Res folder should be copied all the files from the Res folder of the 
version of Formian being used as the basis for the present operations. These are basically 
bitmap, cursor and icon files.
Into the main folder should be copied the source files. For convenience sake it is probably 
best to copy all the files from the source folder, but those that must be copied are as 
follows:
all files with .c extension (C source files) 
all files with .cpp extension (C++ source files) 
all files with h extension (header files)
Form.aps
Form.clw
Form.mak (make file)
Form.ncb
Form.mdp (project workspace)
Form.rc (resource template)
Parse, cfg
No files should be copied into the WinDebug folder. This is where the executable file 
‘Form.exe’ will be built, along with all the intermediate files ( obj and .sbr).
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IV. A l. 4 Opening o f Project Workspace
The term ‘project’ is a general term used to describe the collection of files used to achieve 
the end result of creating an executable file. The ‘project workspace’ is the area where 
this takes place and contains all the resources (C files C++ files, header files, icon files etc.) 
required for this to happen.
Once all the files have been copied, it is necessary to open the project workspace for the 
Formian project. At this stage it is advisable to close all other workspaces that are open, 
which can be achieved using the File/Close Workspace option from the main menu. The 
new workspace may now be opened by using the File/Open Workspace option and then 
selecting the file Form.mdp from the directory which has just been created.
The project workspace may be viewed by using the View/Project Workspace option from 
the menu. This will open up a window which will show all the files included in the project. 
The third tab on this window shows all the C, C++ and header files. It may be noticed that 
this list does not contain all the files that were previously copied into the new folder. It 
only contains the files that are used in the creation of the executable file. Therefore, not all 
files that are in the new folder are included in the project.
TV.AJ. 5 Compiling o f Form, exe file
The intermediate files and the Form.exe file may be created now by using the 
Build/Execute Form.exe item from the menu. A message will appear to say that the file 
does not exist and needs to be built. Each file will be built in turn, with a .obj file and a 
sbr file being created in the WinDebug folder for each C or C++ source file in the project. 
The files are then ‘linked’ to create the Form.exe file which also appears in the WinDebug 
folder.
It usually takes a few minutes to compile the whole project, after which the Formian 
interface should appear if all has gone well. This is now running as a Windows95
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application and may be used in the normal way, or closed down if the user wishes to return 
to the Developer Studio.
The initial tasks have now been completed and the user is now ready to proceed to making 
alterations to current files or creating new files with new Formian functions.
IV, A2 Amending existing files and creating new Formian functions
In order to create new Formian functions or carry out amendments to existing files, the 
user should have achieved the following:
• Microsoft Developer Studio installed
• Formian project workspace opened
• Form.exe file compiled and working
The user should be familiar with the terminology ‘project’ and ‘project workspace’ in 
relation to the Developer Studio, as explained in section 1.1 above.
This next stage of instructions will firstly describe how to amend existing files, if minor 
changes are required. Step by step instmctions will then be provided for the creation of 
new Formian functions, including an example of how to install the basispherical function in 
Formian. This example will attempt to cover a wide variety of points which are of use for 
the purposes of the addition of any functions to Formian.
It is assumed that the user is familiar to some extent with regular C programming which is 
the language used for all the Formian code. These instructions are intended to enable a 
user to ‘get started’ in the addition of new functions and they are not expected to provide 
a comprehensive guide to all the possible situations that may occur.
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IV.A2.1 Amending existing files
To amend a file included in the project, it should be opened using the File/Open menu 
command. Once the changes have been completed the amended file must be recompiled 
and linked in with the project. This is achieved by again using the File/Execute Form.exe 
menu command which will recognise that the file has changed and ask the user if they 
would like to recompile it. It is important to make sure that the Formian window is not 
running at this point as this will cause an error in the compilation. Just the amended file 
will be compiled and then linked in to produce the new executable file which will 
automatically run.
IV  A2.2 Creating a new Formian fimction
The procedure outlined below for creating new functions in Formian is not only intended 
to enable a user to create functions, but also to understand a little of the inner workings of 
the system. The example used involves creating the basispherical function. The 
basispherical function is, of course, a standard function and need not be recreated as a 
supplementary function. However, this function provides a convenient medium for 
illustrating how new functions are implemented. There is one difference that the new 
basispherical function will have from the standard function. The standard function has 
three parameters (basifactors) which must be included, whereas this new version will have 
the option of only two parameters being provided. If this is the case, the first basifactor 
will be taken to be equal to 1.0 and the second and third basifactors will be assigned the 
values of the first and second parameters, respectively. A full description of the normal 
operation of the basispherical function is contained in the Formian manual [5],
IVA2.3 The hasp function
This new function will be given the name ‘hasp’ to avoid confusion with the original 
basispherical function. The execution of the function in Formian will take the form 
Fl=basp(a,b,c)|F2, where F2 is the independent variable, FI is the dependent variable and 
a, b and c are the basifactors. Alternatively, the function could be executed in the form
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Fl=basp(b,c)lF2 where the first basifactor would take the value 1.0, the second would take 
the value b and the third would take the value c.
Stage 1 : Creation of new file for function code
It is best to start with a fresh file in which to put the code for the new function. This is 
achieved by selecting File/New/Text File from the menu. This file should then be saved as 
baspl .c. The file will contain all the code required for the execution of the hasp function.
Stage 2: Addition of new function to function list
As the new function will be accessed directly in Formian, it must be added to the list of 
functions contained in the file Ffunc.c, which should at this stage be opened. At line 60 of 
this file is a list of all available functions, which looks like this:
int tranO, rin() tranidO ,rinid tranis(),rinis tranit{),rinit tranix{),rinix tranad{),rinad tranas{),rinas tranat{),rinat tranax{),rinax tranicO , rinic genisO, genic pan{), dep()lux(), col()red(), nov()rf_bb ( ), rf_mb rf_bs ( ), rf_ms rf db(), rf dt
ref(), lam{),),refid 0 , lamid(),refis(),lamis(),refit(),lamit() , refix 0 ,lartiix(),refad 0 ,lamad(),refas(),lamas(),refat(),lamat(),refax(),lamax(),refic(),lamic(), genidO , genit ( ,vin(), lat(), nex(), con{), ras(), rav(),),r f b t (), rf_mt() ),rf b a (),rf m a ()
ver(), ros 0 , projO, dil(),),projid(),dilid 0),projis() ,dilis()),projit(),dilit 0),projix() ,dilix()),verad() , rosadO ,pro]ad(),dilad{) ,),veras() , rosas() ,projas 0 ,dilas () ,),verat(), rosatO ,projat 0 ,dilat(),) ,verax () , rosax() ,projaxO ,dilax(),),projic() ,dilic()
)/rf_dp(),rf_dc() br(), pol(), apol(), pod(), mep( capelO, vapelO, hapel{), sapel pel(), f_met(), error rtn{);
pac() , tec() ,,rf_bp(), ,rf_bu(), ,rf_ds(), ), sizeO 0, rapel
cop(), rel(), ram{),rf_mp(), rf_bc(), rf_mu(),rf_da(), rf_bhp() r swap(), trac{ ) ,  0, fapelO,
dic() ,
rf_mc(),
,rf_bh(), axi(),
To this list should be added the hasp function. The last line therefore becomes:
pel 0, f_met(), basp(), error_rtn();
Following this list in Ffunc.c is a table which contains the details of the parameters in the 
form of a set of numbers. To this table should be added the details for the basp function. 
This is achieved by inserting a line at any position in the table. The line inserted follows 
the pattern of the other lines, in that it must have the same quantity of numbers and the
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name of the fimction written in upper and lower case. Shown here is the basp function 
inserted between the existing trac and axi functions:
"TRAC" , trac, 99,0,0,0,0,0,0,0,0,0,0,0,"BASP" ,basp, 2,1,2,2,2,0,0,0,0,0,0,0,"AXI" ,axi, 3,0,2,2,1,0,0,0,0,0,0,0,
The numbers following the function contain details regarding the parameters. The first 
number indicates how many compulsoi*y parameters there are, with the second indicating 
how many optional ones there are. The following integers then specify the type of the 
parameters, compulsory ones first. For the basp function therefore, it may be seen that 
there are 2 compulsory parameters and 1 optional parameter. The third and fourth 
numbers are both 2, which means that the compulsoiy parameters are both numerical (that 
is, integer or floatal). The fifth number is also 2, which means that the optional parameter 
is also numerical. When the basp function is actually used in Formian, it is the first 
parameter which is optional. However, since all three parameters are the same type, it has 
no consequence whether it is technically the first or the last parameter that is optional. It 
is important that the rest of the numbers are entered as zeros so that the array is of the 
correct size.
There are four different types of parameter which are specified by the following numbers in 
the table:
1 = integer
2 = numerical (integer or floatal)
3 = formex
4 = character string
It may be noticed from the above example that the initial number in the trac function is 99. 
The 99 code is used in special circumstances where the parameters do not take a constant 
fonn. In cases like these checks have to be carried out in the function to make sure the 
parameters are of the right type, rather than being carried out automatically if the 
parameter types are entered in the table.
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Now that the Ffunc.c file has been amended, it should be saved and attention switched 
once again to the basp.c file.
Stage 3 : Entering of code for new function
The code required for the basp function is written in standard ANSI C and placed in the 
new file basp.c. The contents of this file are shown in Figure IV. 1, which will be used to 
demonstrate how the function is put together. Line numbers have been added to the code 
to enable significant points to be discussed. In Developer Studio line numbers are not 
actually shown in this way. This code may be copied verbatim to enable the new basp 
function to be operational. However, in order that an understanding of what is going on 
may be obtained, there follows a line by line description of the code.
Line bv line description
The first two lines of code tell the compiler to include information about the standard C 
libraries concerning input/output fiinctions and mathematical functions (such as sin and 
cos), respectively. The third line specifies the inclusion of the header file containing the 
formian functions. The next three lines define three external variables that will be used 
during the course of the program.
In line 8 the function basp is declared. The input information is contained in the pointer v. 
This is the standard form of declaration for a new Formian function. Lines 10 to 12 are 
used to declare the formex, integer and double variables used in the program, and line 13 
declares the floatal array ‘cantle’ which will be used for formex storage purposes. Line 15 
assigns the correct value to the pi variable. By taking twice the arcsin of 1, the value of pi 
will be set according to the accuracy of the computer. (This could be also be achieved, 
without the multiplication, by taking the arccos of -1.)
Input information
The input parameters, in addition to the formex being operated on (the independent 
variable), are read into an array known as the ‘value table’. The number of parameters is
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LineNo Microsoft Developer Studio - form - basp.c
1
2345
678 9
10
11
1213141516171819
20 
21  
2223242526272829303132333435363738394041424344454647484950515253545556575859
#include#includeiincludeexternexternextern
"stdio.h" "math.h" "formian.h" USE_ITEM VALUE_TABLE int
u/*value_table; error status[10]/
basp(int n,int *v)
FMX_F fl,f2; int i,k,r;double pi,bl,b2,b3,ul,u2,u3; float cantle[scantle]/
pi=2*asin(l);
file_name_ma ke(f1.f_name,n );file_name_make(f2.f_name,value_table[v[v[0]+1]].u.i)/
fl.a_mode = 2 ;  f2.a_mode = 1; f1.fd.type = f2.fd.type = 2;fl.cantle = f2.cantle = cantle; fl.cn_size = f2.cn size = s_cantle;
if (v[0]>2){bl=(value_table[v[l]].type==l) ?value_table[v[l]].u.i:value_table[v[l]].u.f; b2=(value_table[v[2]].type==l) ?value_table[v [2]].u.i:value_table[v[l]].u.f; b3==(value_table[v[3] ] . type==l) ?value_table[v[3]].u.i:value_table[v[l]].u.f;
else {bl=1.0;b2=(value_table[v[l]].type==l) ?value_table[v[l]].u.i:value_table[v [1]].u.f; b3=(value_table[v[2]1.type==l) ?value_table[v[2]].u.i:value_table[v[1]].u.f;
if (r=open_fmx(&f2)) return(r);if (f2.fd.grade<3) {error_status[0] = 150; error_rtn(3000);} f1.fd.grade=f2.fd.grade; fl.fd.homog=f2.fd.homog;if (r=open_fmx(&fl)) {close_fmx(&f2); return(r);} for (i=0;i<f2.fd.c_size;i++){if (r=read_fmx(&f2)) return(r); for (k=0;k<f2.cantle[0];k++){ul=f2.cantle[k*f2.fd.grade+1]; u2=f2.cantle[k*f2.fd.grade+2]; u3=f2.cantle[k*f2.fd.grade+3];f2.cantle[k*fl.fd.grade+1]=bl*ul*sin(b3*u3*pi/180)*cos(b2*u2*pi/180); f2.cantle[k*fl.fd.grade+2]=bl*ul*sin(b3*u3*pi/180)*sin(b2*u2*pi/180); f2.cantle[k*fl.fd.grade+3]=bl*ul*cos(b3*u3*pi/180);}if (r=write_fmx(&f1)) return(r);}close_fmx(&fl); close_fmx(&f2);value_table[n].type = 3; value_table[n].u.i = n; return(0);}
Figure IV. 1 : basp.c source file for new Formian function.
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equal to the value v[0], so if there are five parameters v[0]=5. The value of each 
parameter is equal to value_table[v[x]] where x is the number of the parameter. So the 
value of the fourth parameter is equal to value_table[v[4]]. The value of the independent 
variable is equal to value_table[v[v[0]+l]]. So if there are five parameters, v[0]=5 and 
therefore value_table[v[v[0]+l]] is equal to value_table[v[6]]. In the case of the new basp 
fimction, if the input statement is:
Fl=basp(1.0,2.0,3.0)|F2
then the parameters will be read in as follows:
value_table[v[l ]]=! .0 
value_table[v[2]]=2.0 
value_table[v[3 ]]=3.0 
value_table[v[v[0]+l]]=F2
So what is happening in line 18 is that the independent variable is being assigned to the 
formex variable f2. In line 17 formex variable fl is being designated as the dependent 
variable n. These two lines of code are standard for formex functions.
The two formex variables, fl and fl, have various properties that must be considered. In 
line 20 the access mode for fl (fl.a mode) is set as 2 which means that it may be written 
to. The access mode for f l  is set as 1 which means it is read only, which is correct since it 
is the independent variable. Both fl and f2 are set as floatal formices by the statement 
fl.fd.type = f2.fd.type = 2. If they were to be integer the type would be 1. Line 21 is 
again a standard line in which the size of the array in which the formex is stored is set.
Lines 23 to 37 are concerned with assigning the variables bl, b2 and b3, that is, the values 
of the three basifactors. The conditional statement in line 23 asks whether more than two 
parameters have been provided (v[0] being the number of parameters). If so, bl is 
assigned to value_table[v[l]], b2 is assigned to value_table[v[2]] and b3 is assigned to 
value_table[v[3]]. The construct tests to see whether the numerical input is integer or 
floatal, so it can be read in the appropriate manner (.u.i or .u.f). If there are only two 
parameters provided (v[0] is not greater than 2) basifactor bl takes the value 1.0, b2 is 
assigned to value_table[v[l]] and b3 is assigned to value_table[v[2]].
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Formex manipulations
Now that all the basifactors have been read in, the formex manipulations may begin. These 
are carried out in lines 39 to 56. In line 39 the formex f2 (representing the independent 
variable) is opened. This is a standard construct for opening a formex. Line 40 is used to 
check whether the grade of the independent variable (f2.fd.grade) is at least 3, as required 
for the basispherical function. If it is not the error sequence will be set in motion. This is 
described fully in the ensuing section. Lines 41 and 42 specify that the dependent variable 
fl has the same grade (f2.fd.grade) and plexitude (fZ.fd.homog) as the independent 
variable f2. If the formex f2 is not homogeneous then the value of f2.fd.homog will be 0.
The loop running between lines 44 and 55 is where the formex transformation is carried 
out. The transformation is carried out cantle by cantle (using i as the counter). The 
number of cantles in the independent variable f2 is equal to f2.fd.c_size. Each cantle is 
read (line 45), operated on (lines 46 to 53) and then written (line 54) to the dependent 
variable in each cycle of the loop. The method in which reading and writing takes place is 
standard, with the integer r being employed as an extra check to ensure that the operation 
has succeeded.
In lines 46 to 53 a sub-loop operates for each signet (using k as the counter) of the 
dependent variable. The number of signets in a cantle is equal to the value f2.cantle[0]. 
For each signet the first three uniples are read into the variables u l, u2 and u3, 
respectively. The uniples in a cantle are numbered in sequence, regardless of which signet 
they are in, which may be seen from the following example:
f3=[al ,a2,a3, a4;b 1 ,b2,b3,b4]
This cantle is read into the array ‘cantle’ which takes the following values:
f3.cantle[0]=2 
f3.cantle[l]=al f3.cantle[5]=bl
f3.cantle[2]=a2 f3.cantle[6]=b2
f3.cantle[3]=a3 f3.cantle[7]=b3
f3.cantle[4]=a4 f3.cantle[8]=b4
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For the basp function the first three uniples of each signet are read into the variables ul,u2 
and u3 in lines 47 to 49. On the first cycle of the loop ul will be equal to f2.cantle[l], u2 
will be equal to f2.cantle[2] and u3 will be equal to f2.cantle[3]. If the grade of the 
independent variable is 4, on the second cycle ul will be equal to f2.cantle[5], u2 will be 
equal to £2.cantle[6] and u3 will be equal to f2.cantle[7]. Other uniples, relating to 
directions greater than 3 are left untouched in this procedure.
In lines 50 to 52 the values of the uniples just read in are reassigned using the appropriate 
formulae. For conversion from spherical to Cartesian coordinates the following formulae 
are applied:
x=bl *ul *sin(b3*u3)*cos(b2*u2); 
y=bl *ul *sin(b3 *u3)*sin(b2*u2); 
z=bl *u 1 *cos(b3 *u3);
where x, y and z are the Cartesian coordinates, ul, u2 and u3 are the spherical co­
ordinates and where bl, b2 and b3 are the basifactors. The values x, y and z in lines 50, 51 
and 52, respectively, are assigned to the three uniples in the appropriate signet. It may be 
noticed that the values used in sin and cos operations have been multiplied by pi/180. This 
conversion factor is necessary because Formian operates using degrees and C works in 
radians.
By line 56 all formex manipulations are complete, so the two formices fl and f2 are closed. 
Line 57 designates the dependent variable fl as the output since n represents fl. The type 
is 3 since it is a formex output. By line 58 the operation of the basp function is complete 
and the function returns to the main program stem.
Stage 4: Adding of new file to the project
The new file now needs to be compiled as part of the overall project. This is achieved by 
selecting the Build/Coinpile basp.c option from the menu. The user will be informed that 
the file is not currently part of the project, and will ask if it should be added, which it 
should. Once the basp.c file is added to the project, the Compile option does not need to 
be employed again. The Build/Execute Form.exe command can be used to recompile and 
link any amended files.
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To execute the updated version of form.exe the Build/Execute Form.exe item should be 
selected from the menu. The Ffunc.c file will be recompiled and linked to form the 
updated Form.exe file which will automatically run. The basp function will now be 
available and may be used like any other normal Formian function. Its authenticity may be 
verified by carrying out similar operations using the standard bs function and the new basp 
function to see if the same result is achieved.
IV.A2.4 Using error codes
During the execution of a function situations often arise where the user attempts an 
operation that results in an error. The nature of these errors ranges from a typing error to 
trying to carry out an operation that is impossible (division by zero, for example). It is 
helpful for the user, when an illegal operation has been carried out, to know what they 
have done. This is achieved by assigning an error number in the program code which 
activates an error message in another file to be displayed.
In the example of the basp function only one error has been designated in the code. This 
happens in line 40 where if the input formex (independent variable) has a grade less than 3, 
it is rejected. If this is the case the execution will jump out of the basp.c file and go to 
Ferror.c, which is the file containing all the error statements and the code for activating the 
error message window. In line 40 the error code reads: {error_status[10] = 150; 
error_rtn(3000);}. The first of these numbers, 150, indicates the actual error number 
whilst the second number, 3000, indicates the error class.
It is convenient for errors of a similar nature, or all the errors related to one person’s 
programming, for example, to be placed in the same class. In the example the class 
number is 3000. There are already other errors in class 3000, so error number 150 has 
been chosen to distinguish it from these. Inside the Ferror.c file may be found lines of 
code similar to the following:
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case 3000 : switch {error_status[0]) { case 1 : case 2 :
case 148 : sprintf(b,"too many parameters for polymation function")/ break;default : sprintf(b,"not registered error");}break;
This is the grouping of all the class 3000 errors (only one is actually shown). A new error 
may simply be added by inserting a new line in the appropriate position, as follows:
case 3000 : switch (error_status[0]) 
( case 1 : case 2 ;
case 148 : sprintf(b,"too many parameters for polymation function"); break;case 150 : sprintf(b,"grade of input formex must be at least 3"); break;default : sprintf(b,"not registered error");
}break;
Once the new line has been added the file Ferror.c should be recompiled and then linked so 
that the new error command is operational. It is possible that the file Ferror.c is not of the 
exact format shown here. If that is the case the format of the file being used should be 
followed to ensure that the error facility works.
IV. A3 Debugging files in Developer Studio
When files containing new Formian functions are built, the compiler may reject various 
structures or pick up on errors in the code. Also, the expected output of the functions 
may not be quite as anticipated. In these instances, the debugging capability of the 
Developer Studio, which is very impressive, may be used. It is not possible within the 
confines of these notes to explain how to use the debugger, but there are some very useful 
features that allow the user to step through the program and obtain the value of variables 
at each step along the way. The best way of learning how to use the debugger is by 
experiencing it in action with ready reference to the help screens.
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SECTION B
Description of Files Created for the 
Execution of new Formian Functions
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A description of the software written for the new Formian functions is necessary for an 
understanding of the methodology employed. A user of the software which has this under­
standing will be able to delve into the code to make changes to suit their requirements or 
to add new features that they require. A full description of all the new software is 
provided below, which should facilitate any amendments by a user. This begins with a list 
of the new and amended source files. Following this, each new file is described in detail, 
with emphasis placed on the polymation and tractation functions (contained in the files 
polyl.c and trac.c, respectively). For each of these two functions a variable list and a 
function description are included.
IV. B l New and amended source files 
IV .BI.l New files
The software for all the new functions described in the main body of the thesis is 
implemented through a number of new source files. These are contained within the 
Formian for Windows95 project together with the source files for other Formian functions 
and the Formian interface. The complete list of new files is as follows:
• Polyl.c
• Shape, c
• Extern, c
• Poly2.c
• BRetian.c
• Trac.c
• extras, h
• shape.h
• tracpol.h
The files with the .c extension are normal C files and those with the h extension are header 
files which contain libraries of functions used.
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The new C files contain code for the new Formian functions as well as for other functions 
that are used at intermediate stages. These other fiinctions are not contained in the list of 
functions in Ffunc.c since they are not available for use in the Formian interface. 
However, they are still important as the Formian functions would not work without them.
A full description of the role played by each of the new files is provided. It is important to 
recognise that the passage of a Formian function sees it travel between a number of 
different source files as it jumps into different intermediate functions. For this reason flow 
diagrams of the polymation and tractation functions are supplied. These are intended to 
enable a user to follow the course of a function so that amendments or additions may be 
made.
IV.B1.2 Amended source files
In addition to the new files, alterations have been made to some existing files within the
Formian project. The purpose of these files, and the alterations made, are as follows:
Ferror.c - This file contains the error statements for the Formian project. Each error has 
an ‘error number’ and belongs to an ‘error class’. All of the new error statements 
related to the new functions belong to error class 3000. The error numbers range 
from 80 to 148.
Ffunc.c - The list of functions available using the Formian for Windows95 interface is 
contained in the Ffunc.c file. The new fiinctions and their parameter specifications 
have been added to this function list.
subst.c - There are a number of future functions which already appear in the function list, 
but have not been implemented as yet. The compiler will return an error if it does 
find these functions somewhere within the project. Therefore, these functions are 
written in dummy form in the file subst.c (they cannot actually be used). When they 
are finally implemented (as in the case of the tractation and mep functions) these 
dummy functions must be removed, to avoid duplication.
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IV.B2 Polyl.c
The Polyl.c file contains the code for the pol function. Code for the other functions that 
the pol function relies on is contained in other source files. Following is a list of the 
variables used in the pol function and then a description of the methodology used in the 
execution of the function. A flow chart is also included.
IV.B2.1 Variables
The variable types formex (FMX_F), character (char), integer (int) and double-precision 
floating point (double) are employed within the pol function. The letters in parentheses 
indicate how these are represented in C declarations. Some of the variables used retain the 
same meaning throughout the program, whilst others have localised implications where the 
meaning varies depending on the location in the program.
The full list of variables is as follows:
Formex Variables
fl - the formex returned at the end of the pol function (dependent variable); also used for 
various intermediate procedures.
£2 - the formex to be mapped using the pol function (independent variable): specified as 
value_table[v[v[0]+1 ]]. 
f3 - group and radius information formex: specified as value table[v[4]]. If there is just 
one group and its radius is given as an integer then f3 is not required. 
f4 - baseline information formex: specified as value_table[v[n]] where ‘n’ is 4 plus the 
number of the group. For example the baseline information for the group would 
be read from value_table[v[6]]. Each baseline formex is read into f4 before being 
placed in the baseline information array. 
f5 - the formex sent to the shape function for mapping on the first set of faces or edges or 
vertices.
f6 - the formex sent to the shape function for mapping on the second set of faces.
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f7 - the formex sent to the shape function for mapping on the third set of faces.
Character Variables
*list - pointer to the character string ‘list’ which contains the entity list.
*endp - the pointer used when obtaining the entity list from the string to indicate the 
endpoint of a section.
Integer Variables
i - used in the main loop for counting cantles; general counting variable otherwise, 
j - general counting variable.
k - used in the main loop for counting signets; general counting variable otherwise, 
n - used initially to indicate size of entity array; used later in the main loop for counting 
cycles; general counting variable otherwise, 
p - operation code: specified as value_table[v[l]]. 
q - polyhedron code: specified as value_table[v[2]].
r - used for error checks on formex manipulations; occasionally used as intermediate 
variable, 
t - general counting variable.
cycles - number of time the main loop must be completed, (dependent on whether mapping 
is on faces and whether there are more than one type of face), 
grp - number of groups, 
un - uniple number that specifies group.
Arrays:
w[300] - entity list, (the object is mapped in the order given in the entity list). 
lktb[6][22] - look-up table containing information regarding the polyhedra. There is one 
column for each of the 20 Platonic and Archimedean polyhedra as well as one 
column for prisms and one column for antiprisms. These are 6 rows containing data 
regarding number of faces, number of edges, number of vertices, number of sides of 
face type 1, number of sides of face type 2 and number of sides of face type 3.
Appendix IV: Specification of Software Page 338
Double Variables
dl - multi-purpose variable. 
d2 - multi-purpose variable. 
d3 - multi-purpose variable.
hl - used primarily to indicate the distance from the centre of a face to the middle of an 
edge in the main loop; general variable otherwise, 
len - edge length of mapped polyhedron.
12 - temporary variable used to transform initial edge length into final edge length, 
pi - the constant pi.
si - temporary variable used in angle calculation. 
s2 - temporary variable used in angle calculation, 
u l - first direction uniple (representing x coordinate). 
u2 - second direction uniple (representing y coordinate). 
u3 - third direction uniple (representing z coordinate).
X - used to indicate differences between x values in the baseline data, 
y - used to indicate differences between y values in the baseline data, 
z - used to indicate differences between z values in the baseline data.
Arrays:
bl[50][9] - two dimensional array containing baseline information. Each row has 9 spaces 
for the X, y and z coordinates of 3 points of the baseline. There are 50 rows to 
provide room for the baseline data of up to 50 groups. 
h[50] - values of the chosen uniple for each group, (space for 50 values), 
rad [50] - radius information, (space for 50 radii of circumsphere).
rin[5] - array of 5 numbers containing information pertaining to the chosen polyhedron. 
The data consists of radii of intersphere, radii of insphere or ratios of these and the 
radii of circumsphere.
circ[22] - array containing the radii of circumsphere of all 20 Platonic and Archimedean 
polyhedra as well as prisms and antiprisms. The radii are given in terms of a ratio to 
the edge length.
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IVB2.2 Function description
The pol function may be divided up into three main stages, during each of which different 
tasks are performed. These are as follows:
Stage 1
The input data is read into the appropriate variables and arrays. The input data comes in a 
number of different forms, such as integers, floatal numbers, formices and strings. In some 
cases in need not be included at all (such as additional baseline data). At the end of this 
stage, the following information will be available:
operation code 
polyhedron code 
entity list 
number of groups
uniple number which indicates group (if selective) 
uniple value of each group (if selective) 
radius of each group
baseline data (9 coordinates) for each group
Stage 2
Each point of the object being mapped is manoeuvred into the correct position according 
to which group it belongs to, and which entity it is being mapped onto. If mapping is 
taking place onto the faces of a polyhedron with more than one type of face, the whole 
process is repeated for each different face type. This procedure is, in itself, carried out in a 
number of steps, as follows:
• It is ascertained which group a point belongs to (if it is a selective polymation situation) 
by comparing the chosen uniple with the values of this uniple for the different groups. 
If it does not match any of these, none of the following operations in this stage are 
carried out.
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• The point is rotated so that its baseline (the one relevant to the group), if rotated by the 
same amount, would run along a line parallel to the x-axis.
• The point is rotated so that the C-end, if rotated by the same amount, would lie in the 
portion of the xy plane where y is positive.
• The point is moved the amount that the A-end of the baseline would have to be moved 
to place it at the origin.
• The coordinates of the point are multiplied by a factor which, if multiplied by the 
baseline length, would be equal to the edge length of the polyhedron under 
consideration.
The next step is dependent on whether the object is being mapped onto edges or vertices, 
or faces. If the mapping is onto edges or vertices, the following procedure is followed:
• The point is moved a distance equal to half the edge length in the negative x direction.
• The point is moved a distance equal to the radius of intersphere in the positive z 
direction.
If the mapping is onto faces, the following routine is followed:
• The point is moved a distance equal to half the edge length in the negative x direction.
• The point is moved a distance equal to hi (the distance from the middle of an edge to 
the centre of a face) in the negative y direction.
• The point is moved a distance equal to the radius of insphere in the positive z direction
The values of hi and the radius of intersphere are dependent on the face of the polyhedron 
being considered; a face with more edges will have a larger value of hi, but a smaller 
radius of intersphere. Since mapping can potentially take place onto any of the different 
face types of a polyhedron, each point must be positioned for potential mapping onto all 
the possible face types of the particular polyhedron.
The end product at the conclusion of stage 2 is a formex where all the points are at the 
correct radius and orientation for their particular group. In the case of mapping onto the
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faces of a polyhedron with more than one type of face, there will be a separate formex for 
each different type of face (up to a maximum of three). Each formex representing objects 
to be mapped onto the faces of objects is rotated 90® anticlockwise about the z axis in 
preparation for mapping.
Stage 3
The third main stage of the polymation function involves the replication of the object onto 
all the entities that have been chosen to be mapped upon. In the formex produced in stage 
2 all the points are at their correct radius and only need to be rotated about the centre of 
the polyhedron to be put in their correct positions. The step by step procedure carried out 
in stage 3 is as follows;
• Relevant properties, such as the dihedral angle and other necessary angles, are 
calculated for the polyhedron in question.
• The formex produced in stage 2, the entity list, and the relevant properties are input 
into the appropriate ‘shape’ function.
• The formex is replicated and positioned as required in the shape function, with the final 
formex returned to the pol function.
• This formex is returned to the user as the mapped configuration.
IV.B2.3 Structured Flow Chai't
Shown in Figure IV.2 is a flow diagram for the polymation function. This gives a broad 
outline of the way the program runs, showing the main conditional statements and loops. 
In order to make the chart easily understandable, much detail has been omitted. The result 
is a chart that gives a clear impression of the methodology employed without going into 
excessive detail which would cloud important points.
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p = polyhedron code q = operation code list = entity string
s third item m Y |<^function parentheses^ N 
a stiing?
Is there just one number in the string?
num = no .of enties num = 1
Entity string is read into array w[n] w [0] - entity no
Ts fourth item i function parentheses a formex?
Is there just one number in the formex?
Selective case
Y = Yes N = No T = True F = False
grp = no of groups un = uniple no 
h[0]...h[n]= 
rad [0]...rad [n] -  1
Non selective case
rad[0 ]“
Figure IV.2 (part i): Polymation function 
structured flow diagram
Polyhedron is a prism, antiprism or isomer
Polyhedron is not a prism or isomer
Polyhedron data is calculated and entered in Iktb array
Baseline data is read into array bl[n]
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rad[n] =
Face mapping
Read next cantle
rename fl as 5
Look at next signet
Platonicpolyhedron
Examine input formex f2
Write cantle to formex fl
Edge or vertex mapping
Signet belongs to nth group of nodes
Achimedean polyhedron or prism etc.
rename fl as f5, f6 or f7 depending on loop
return mapped formex fl
calculate data for app­ropriate polyhedron
Y = Yes N = No T = True F = False
Transform signet to correct position (based on p, q, rad[n] and baseline)
send formices, entity data and polyhedron data to appropriate shape function
Figure IV.2 (part ii): Polymation function structured flow diagram
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IKB3 Shape, c
The file Shape.c acts as a database containing all the positional information regarding the 
faces, edges and vertices of polyhedra. There are 22 shape functions contained within the 
file, which have the designations shape 1 through to shape22. These numbers correspond 
to the polyhedron codes of the Platonic and Archimedean polyhedra. The information for 
prisms is contained in shape21 and that for antiprisms in shape22. The information for 
isomers is in the same function as that for the parent polyhedron.
For each Platonic and Archimedean polyhedron the information is contained in a two- 
dimensional integer matrix. Each row of the matrix contains data for a range of faces, 
edges or vertices. For example, the first row of the matrix for the cuboctahedron has 
information regarding the upper four triangular faces which have identity numbers 1 to 4. 
For the prisms and antiprisms the layout is slightly different since these polyhedra have a 
more ordered composition in that they consist of upper and lower faces allied to a 
connecting ring of faces.
During the operation of the polymation function, as described in detail above, the 
following items are sent to the shape function:
• operation code
• entity list
• a selection of angle information
• a formex representing the object to be mapped - at the correct radius (if mapping is to 
take place onto the faces of an Archimedean polyhedron there will be either two or 
three formices, i.e. one for each shape of face)
Which shape function is employed is determined in the pol fimction according to the 
polyhedron code (so if the polyhedron code is 8, the shapeS function will be used). Once 
inside the shape function a loop runs so that for every entity being mapped onto a series of 
operations is carried out. The first action within the loop is to ascertain which row of the 
matrix is required. This depends on the operation code and the current entity number.
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The data on the selected row of the matrix indicates which formex to use in the case of 
mapping onto the faces of Archimedean polyhedra.
In each cycle of the loop the appropriate input formex is taken and rotated around to the 
correct position. The amount and direction of rotation is set by the parameters in the 
chosen row of the matrix, along with the angles which were initially supplied from the pol 
function. In the first cycle the rotated formex is copied to the output formex, while in 
subsequent loops the formices are added to the output formex. The output fonnex thus 
increases in size in each successive loop. The rotation of the formices is controlled by 
‘external’ Formian functions, contained in the file ‘Extern.c’. For information on the 
contents of this file, see the relevant section below.
Since the shape functions contain all the information regarding the polyhedra, they are 
useful in other circumstances as well. Specifically, the antipolymation and basiretian 
functions also take advantage of the shape functions, in a slightly modified way. In the 
case of antipolymation the rotations are carried out in the opposite order, and since only 
one entity may be designated there is no loop, the process being carried out just once. The 
workings of the basiretian function allow points to be mapped onto different entities of 
different polyhedra. A shape function is used for each point of the configuration being 
transformed using the basiretian function. The methodology employed in the basiretian 
function is described in the appropriate section.
IV.B4 Extern, c
The operation of many of the new functions require transformations to be performed on 
formices. The nature of these transformations; rotation, translation, reflection and 
stretching are all standard Formian operations. However, as these transformations are 
being carried out at an intermediate stage during the execution of a function (such as in the 
shape functions) the normal Formian code may not be used. Instead, a series of four
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‘external’ fiinctions have been created to do the same task, outside of the Formian 
interface. These four functions have the following names:
® verext
• tranext
• refext
• dilext
They are the external equivalents of the vertition, translation, reflection and dilatation 
functions, respectively, and perform similar roles. They may be accessed at any time from 
the other functions.
IV.B5 PolyZc
Contained within the file Poly2.c is code for four of the new Formian functions, namely the 
antipolymation function, the positation function, the pod function and the mep function. A 
brief description of these four functions follow.
IVB5.1 Antipolymation function
The antipolymation Formian function uses a number of functions in the project. The initial 
function in Poly2.c is called apol, which reads in the function parameters and sends them 
to the pol function (in file Polyl.c). The pol function sends the independent variable to the 
appropriate shape function where it is rotated in the opposite order to polymation. The 
resultant formex is then sent to the orig function in the Poly2.c file which positions each 
node in the appropriate position. After returning to the pol function the formex (now the 
dependent variable) is read into the apol function and returned to the user. This 
complicated route is designed to enable the antipolymation function to take advantage of 
the code created for the polymation function. The major complicating factor is that 
everything must be done in reverse.
Appendix IV: Specification of Software Page 347
IVB5.2 Positation function
The code required for the operation of the positation function is contained in three 
functions in the Poly2.c file. These three functions are the pos function, the shear function 
and the fit function. If one-point or two-point positation is being used, just the pos 
function is required. If three-point positation is being used then the shear function is also 
used. If four-point positation is employed then all three functions are required.
IVB5.3 Pod function
The code for the pod Formian function is located entirely in the pod function in the file 
Poly2.c. All of the data required is either stored in arrays or calculated as required.
IV.B5.4 Mep function
Like the pod function, the code for the mep Formian function resides entirely in one 
function in the project. This fonction, the mep function is also situated in the file Poly2.c.
IV. B6 BRetian.c
The file BRetian.c contains just one function, the ‘hr’ function, which supplies the code for 
the basiretian Formian function. The prime component of the br function is a loop that 
runs for every point (node) of the configuration being transformed using basiretian. A 
step-by-step guide to the main stages of the br function follows.
• The input parameters (i.e. the basifactors and the independent variable) are read into 
variables.
• The formex to be transformed using basiretian (i.e. the independent variable) is copied 
into an array of the appropriate size.
• A loop runs so that every point of the independent variable is transformed in turn. The 
following three steps take place for each point.
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® The information in the array is used to produce a formex consisting of three uniples, 
which represent the x-, y- and z-coordinates of the point under consideration, before 
the point is rotated into the correct position. These coordinates take into account the 
entity coordinates, the operation code, the polyhedron code, the circumradius and the 
basifactors which are unique to a given point.
• The formex is transformed using the appropriate shape function (which depends on the 
polyhedron code) where the node is rotated into the correct position. The amount of 
rotation is dictated by the operation code and the entity number.
• The new position of the node is read back into the array.
• When the loop has been completed, the data from the array is read into a formex which 
represents the transformed location of the original formex. Each point in the dependent 
variable is represented by global x-y-z coordinates.
IV.B7 Trac.c
The Trac.c file contains the code for two functions related to the Formian tractation 
function. These are the actual trac function and the matrix function which is used to 
allocate memory space for the raft surface data. Following is a list of the variables used 
and a description of the methodology employed for the execution of the trac function. An 
example of how the positions of the projected points are obtained is included, as well as a 
flow chart showing how the program is structured. Details for the matrix function follow 
these.
IV.B7.1 Variables
A number of formex, integer and double variables are employed within the trac function. 
Some of these retain the same meaning throughout the program, whilst others have 
localised values used in the course of some calculation procedures.
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The fiill list o f variables is as follows:
Formex Variables
fl - the formex returned at the end of the trac function (dependent variable).
Î2 - the formex to be mapped using the trac function (independent variable): specified as 
value_table[v[v[0]+1 ] ].
£3 - the group information formex (if applicable), the raft formices (if applicable), the 
surface parameters (if applicable) and the projection parameters formex (if 
applicable) are all read into f3 at some stage. 
f4 - the surface formex (if applicable), mode of projection formex (if applicable) and 
selection code formex (if applicable) are read into the f4 formex.
Integer Variables
i - used in the main loop for counting cantles; general counting variable otherwise, 
j - general counting variable.
k - used in the main loop for counting signets; general counting variable otherwise, 
grp - number of groups.
r - used for error checks on formex manipulations; occasionally used as intermediate 
variable, 
s - general counting variable, 
t - general counting variable, 
un - uniple number that specifies group.
Arrays:
code[20] - list of selection codes for the appropriate groups. 
mode[20] - modes of projection for the appropriate groups. 
surf[20] - list of surfaces to be projected on for the appropriate groups. 
lktb[12] - array which contains information regarding how many parameters each surface 
has.
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Double Variables
cl - X component of projection line gradient; general variable otherwise. 
c2 - y component of projection line gradient; general variable otherwise. 
c3 - z component of projection line gradient; general variable otherwise. 
c4 - general variable in projection operations. 
c5 - general variable in projection operations.
**raft - double pointer which is used to store raft surface data.
a l - x  coordinate of a point on projection line; general variable otherwise.
a2 - y coordinate of a point on projection line; general variable otherwise.
a3 - z coordinate of a point on projection line; general variable otherwise.
ul - first direction uniple (representing x coordinate) of point being projected.
u2 - second direction uniple (representing y coordinate) of point being projected.
u3 - third direction uniple (representing z coordinate) of point being projected.
xl - first surface parameter; general variable otherwise.
yl - second surface parameter; general variable otherwise.
zl - third surface parameter (if applicable); general variable otherwise.
x2 - first projection parameter; general variable otherwise.
y2 - second projection parameter; general variable otherwise.
z2 - third projection parameter (if applicable); general variable otherwise.
x3 - fourth projection parameter (if applicable); general variable otherwise.
y3 - fifth projection parameter (if applicable); general variable otherwise.
z3 - sixth projection parameter (if applicable); general variable otherwise.
Arrays:
h[20] - values of the chosen uniple for each group, (there is space for 20 values). 
p[20][9] - two dimensional array containing surface parameters for up to 20 groups, (there 
is room for 9 parameters for each group). 
q[20][6] - two dimensional array containing projection parameters for up to 20 groups, 
(there is room for 6 parameters for each group).
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IVB7.2 Function Description
The trac function may be divided up into two main stages, as follows:
Stage 1
The input data is read into the appropriate variables and arrays. At the end of this stage, 
the following information will be available:
number of groups
uniple number that indicates group (if selective)
uniple value of each group (if selective)
surface code of each group
surface parameters for each surface
projection mode for each group
projection parameters for each group (if applicable)
selection code for each group
In addition, if any raft groups are present a matrix will be created with enough memory 
assigned to store the size of array required (see matrix function).
Stage 2
Each point of a configuration being projected is treated individually when projected as 
different projection techniques and surfaces may be used for connected points. The step 
by step approach used is as follows:
• It is ascertained which group a point belongs to (if it is a selective tractation situation) 
by comparing the chosen uniple with the values of this uniple for the different groups. 
If it does not match any of these, none of the following operations in this stage are 
carried out.
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• The X -, y- and z-coordinates are read into the parameters ul, u2 and u3. If the formex 
has a grade of only 2, all z-coordinates are assumed to be equal to 0. The surface code 
and projection code are read, as are the surface parameters and projection parameters.
• The projection type being employed for a particular point is known, so it is possible to 
obtain two non-coincident points which may be used to represent a line of projection 
for the particular point. One of these points is the actual point itself, whilst the other 
depends on the type of projection being used.
• All of the surfaces, with the exception of the raft surface and the two definitions of the 
plane, depend on a quadratic equation to find the position of the point after projection. 
The three quadratic coefficients al, a2 and a3 in the equation alz^ + a2z + a3 = 0 are 
required to find a solution for the projected point. These are calculated using the 
equations of the various surfaces. An example of how this is achieved is shown with 
respect to the hyperboloid of one sheet in the example below.
• The coefficients are entered into the quadratic equation where either real and different, 
real and equal, or imaginary roots are obtained. Which of the roots are accepted and 
the course of action to be taken if there are imaginary roots depends on the value of the 
selector for the particular point.
• The nature of the raft surface dictates that there is always one real root, so the selector 
is not required.
• The projected coordinates of the point are written to the output formex, and the whole 
process is repeated for each point.
IV.B7.3 Determination and solving o f quadratic equation
For every surface, with the exception of the raft surface, the locations of the projected 
points are obtained by finding the intersection between the line of projection and the 
surface being projected onto. The manner in which this is achieved is consistent for all of 
the quadratic surfaces (i.e. not the two definitions of the plane) and is outlined below with 
the example of projection onto an elliptic hyperboloid of one sheet. The parameters used 
are the same as those used in the actual C code.
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Equation of Line of Pro jection
The starting point is to establish the equations of the line of projection. A three- 
dimensional line is defined by a point lying on the line and a vector indicating the direction 
of the line. Every line of projection passes through the point being projected which has 
coordinates of (ul,u2,u3). The direction of projection depends on the mode of projection 
being employed, and is defined by two non-coincident points which lie on the direction of 
projection. These points have coordinates of (al,a2,a3) and (x2,y2,z2). The locations of 
these points in relation to the line of projection and direction of projection are shown in 
Figure IV.3. It may be noted that the direction of projection may be coincident with the 
line of projection and that either one of the points which form the direction of projection 
may be coincident with the point being projected.
Projection surface
Line of projection 
for point P Direction of 
projection
Configuration to 
be projected
Figure IV.3: Location of points which define the line of projection
The parameters cl, c2 and c3 are used to represent the direction vectors of the line of 
projection and as such are equal to (al-x2), (a2-y2) and (a3-z2), respectively. The 
equation of the line of projection may now be obtained and is shown in Equation 1. The 
parameter t is the magnitude vector which is cancelled out immediately.
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Point on projection line: (w1,w2,m3)
Direction of projection: (cl,c2,c3)
Equations of line of projection: x = u\ + t.c\
^  = w2 + t.cl 
z = m3 + f.c3
x - u \  V -  m2 z -  m3t —— :— t ~ — -— t = — -—cl c2 c3
% - M l  y  ~u2  Z - M 3
cl c2 c3 •■(1)
Equation of Surface
The equation of an elliptic hyperboloid of 1 sheet, which has its axis parallel to the x-axis, 
is given in the tractation chapter of the thesis as:
{ x - x c f  ( y - y c Y  { z - z c f
In this equation, the parameters xc, yc and zc represent the coordinates of the centre of the 
surface whilst a, b and c represent the values of the three semiaxes of the elliptic 
hyperboloid. In the program code the coordinates of the centre of the surface xc, yc and 
zc are represented by the parameters xl, yl and zl, respectively. The equation should 
thus be written:
(x-xl)" ( y - y l f  (z-ziy
This is Equation 2 which must be solved simultaneously with Equation 1 to find the points 
of intersection between the line and the surface.
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Solving of Equations
Eq.l may be rearranged in two further equations which express x and y in terms of z. 
These equations are as follows:
clX -  -—( z - u 3 )  + u\ c3
c2 ,_y =  —  ( z  -  m3)  +  m2
These equations are now multiplied through by the factor c3 and so become:
c3x = cl(z -  7/3) + c3m1 ....(3)
and c3y = c 2 ( z -  m3) + c3m 2 ....(4)
Equation 2 is multiplied though by the factor c3^a^b^c  ^to become:
(c3x -  c 3 x iy  ~ a ^ c ^ (c3 y ~ c3 y iy  -  (c3z -  c 3 z iy  -  ~c3^a^b^c^ • • • •(5)
The parameters a, b and c are entered by the user at an earlier stage of the program and are 
stored in an array where they are equal to p[j][3], p[j][4] and p[j][5], respectively. The 
parameters x2, y2 and z2 are now reintroduced and take the following values:
x2 = * My][3] * M./][4] * PQ'IM (= -aV )
y2  = M7][4] * My][4] * p[y][5] * p[,/][5] (= bV )
= -p[y][5] * p[y][5] * p[j][3] * My][3] (= -cV )
In addition, z3 is assigned a new value, as follows:
z3 = y2*c-i*c-i* * p[y][3] (= c3 V b V )
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These four factors are now substituted into Equation 5, which is rearranged to produce the 
following equation:
y2{c3x -  c3xl)^ + z2(c3y -  c3_yl)^  + jc2(c3z -  c3zl)^ + z3 = 0
Into this equation are now substituted the values o f c3x and c3y from Equations 3 and 4 
which leaves z as the only variable in the resultant equation:
y2[cl(z  “  m3) + c3m1 -  c3xl]^ + z2\c2{z -  m3) + c3m2 -  c3ylY + x2[c3z -  c3zl]^ + z3 = 0
which may be rewritten:
^2[cl(z -  m3) + c3(m1 -  xl)]^ + z2[c2(z -  m3) + c3(m2 -  _yl)] + x2\c3{z -  zl)]^ +z3 = 0
Two further parameters, c4 and c5, are now introduced, and take the following values:
c4 = Ml -  x l c5 = M2 -  y \
Substituting these into the main equation reduces it to:
_y2[cl(z -  m3) + c3c4]^ + z2[c2(z -  m3) + c3cS]  ^ + x2[c3(z -  zl)]^ + z3 = 0 ....(7)
Equation 7 must now be solved for z by using the quadratic formula. The z^ , z and 
number coefficients for each part o f the equation are shown in the following table:
Part of equation z^  coefficient z coefficient number coefficient
y2[cl(z-u3) + c3c4]^ cPy2 2clc3c4y2 - 2cl^u3y2 c3^c4^y2 + cfu3^y2 - 
2clc3c4u3y2
z2[c2(z-u3) + c3c5]^ c2^z2 2c2c3c5z2 - 2c2^u3z2 c3^c5^z2 + c2^u3^z2 - 
2c2c3c5u3z2
x2[c3(z-zl)]^ c3^x2 - 2c3^zlx2 c3^zl^x2
z3 0 0 z3
Table IV. 1: Quadratic coefficients for Equation 7
Appendix IV: Specification of Software Page 357
Overall therefore, if al represents the coefficient, a2 represents the z coefficient and a3 
the number coefficient they will have the following values:
al = cl^y2 + c2^z2 4- c3^x2
a2 = 2clc3c4y2 - 2cl^u3y2 + 2c2c3c5z2 - 2c2^u3z2 - 2c3^zlx2 
a3 = c3^c4^y2 + cl^u3^y2 - 2clc3c4u3y2 + c3^c5^z2 + c2^u3^z2 
- 2c2c3c5u3z2 + c3^zl^x2 + z3
The z coordinate of the point of intersection between the line of projection and the surface 
may now be found using the quadratic formula:
- a 2 ±  'Ja2  ^ -  4ala3z —----------------------------2ol
If # 2 ^ -  4ala3 has a value less than zero there are imaginary solutions. If al is equal to 
zero there is only one solution, which is equal to - a 3 !  a2.  (A unique solution such as 
this may occur with parabolic surfaces, such as a parabolic cylinder, or with a plane). In 
all other cases there are two solutions for z. If a2^ -  4a\a3 is equal to zero these two 
solutions have equal z values. The two values of z are termed zl and z2 in all cases where 
there are multiple solutions.
The corresponding x and y values for the z solutions are obtained by substituting the z 
values back into Equations 3 and 4, so:
cl clxl = — (zl —7/3) + m1 x2 = — (z2 — 7/3) + 7/1c3 c3
c2 c2y \  = — ( z l -  7/3) + 7/2 _y2 = —  (z2 -  7/3) + u2
There are now two sets of possible locations for the position of a point after projection. 
These two locations have coordinates (xl,yl,zl) and (x2,y2,z2). Which of these two 
positions is taken as the final location is dependent on the selector which has been given. 
For example, if the user has specified that points with greater z values will be selected, and 
z2 has a greater z value than zl, the position of the projected point will be (x2,y2,z2).
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This example has concentrated on the procedure for the elliptic hyperboloid of one sheet. 
For the other quadratic surfaces a similar pattern is followed, although the equations are 
obviously different.
IV.B7.4 Stf'ucturedFlow Chart
Shown in Figure IV.4 is a flow diagram for the tractation fiinction. Similar to the diagram 
produced for the polymation function, this chart gives a broad outline of the way the 
program runs, showing the main conditional statements and loops. Again, in order to 
make the chart easily understandable, much detail has been omitted.
IV.B7.5 Matrix Function
The matrix function is located at the end of the Trac.c file. Its purpose is to allocate 
memory space for a specified size of matrix containing double-precision floating point 
numbers which represent raft surfaces. The integer variable ‘row’ represents the number 
of rows required and the variable ‘col’ represents the number of columns required.
A loop runs within the function (using i as a counter) assigning the appropriate memory 
space to each row of the matrix. The amount of memory space required is returned via the 
pointer m to the variable raft in the trac function.
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Is first Item in Y iC function parentheses 
a formex?
is there just one numter in 
the forraex?
Selective case
I Non selective case
grp = no of groups un = uniple no 
stnf[0]...surf [n] =
I surf [0] = I
k = number of
raft surfaces
There arc raft surfaces
s = number o f x-y-z cooidsoflaigcst raft surface
There are raft surfaces
raft matrix created: 
krows, s+2 columns
raft formex data 
read into raft matrix
There are non raft surfaces
There are solely raft surfaces
Surface parameteis are read into anay p
mode [0] ...mode[n]
Are all modesV ^ o f  projection r a d ia l? ^ N
No projection par­ameters required Proj:cdon parameters are read into array q
Are any selectors 
included?
code [Oj...code [n] = All selectors are assumed to be -15
Y = Yes N = No T = True F = False
Figure IV.4 (part i): Tractation function 
structured flow diagram
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Figure IV.4 (part ii): Tractation function 
structured flow diagram
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APPENDIX V
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Positation Function
The ‘positation’ function has evolved out of the polymation function to provide a new 
technique for the mapping of objects. It is intended to provide the flexibility so that a user 
may create configurations based on their own set of conditions. It means that objects may 
be mapped into any position in space rather than onto the faces, edges or vertices of 
polyhedra, hence the name ‘positation’. An example of this may be seen in Figure V.l 
where the configuration shown in Figure V.l (a) has been mapped into seven different 
positions which together comprise a cone shaped object, as in Figure V.l(b).
(a) (b)
Figure V. 1 : Positation
The positation function was originally called the ‘free polymation’ function since the 
mapping was thought to represent mapping onto the entities of user-defined polyhedra. 
However, the scope of the function has since widened, making that description inadequate 
for the tasks that the positation function may perform. Outlined below is a description of 
how the function works, starting with an explanation of the basic concepts. Examples are 
then provided to show what is possible using the different positation modes.
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K l  Positation Basics
Consider the configuration shown in Figure V.2(a), This is a plane grid of 10 x 10 units 
which comprises an object which is to be mapped using the positation function. The 
object is shown in relation to the x-y plane in which it lies. Associated with the object are 
four points labelled Al, A2, A3 and A4. Shown in Figure V.2(b) is the x-y plane again, 
with four points marked out as Tl, T2, T3 and T4.
A4-
A1
A3
A2
(a)
T4
T3
T 1 .
•T 2
Figure V.2: Positation object
This object may be mapped using one of four positation modes. The differences between 
the modes may be seen from the resulting mapped configurations in Figures V.3(a) to
V.3(d), which represent mapping using positation modes 1 to 4, respectively. With mode 
1 (or ‘one-point" positation) the object is mapped so that the point Al of the object is 
coincident with the point Tl. In effect, this is equivalent to a translation of the object to 
the position in Figure V.3(a). When the object is mapped using mode 2 (‘two-point’ 
positation), the result is as shown in Figure V.3(b). Point Al of the object is coincident 
with point Tl and point A2 is coincident with point T2. In order for this to have happened 
the object has been scaled along the line A1-A2 so that the object is no longer square, but 
rectangular.
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(a) Mode 1
T2
(b) Mode 2
T3
T2
(c) Mode 3
T4
T3
T2
(d) Mode 4
Figure V.3: Modes of positation
Figure V.3(c) shows how the object is mapped using positation mode 3 (‘three-point’ 
positation). The object has been transformed so that points Al, A2 and A3 are now 
coincident with points Tl, T2 and T3, respectively. This has required scaling in two 
directions as well as a shear. The result of mapping using positation mode 4 (‘four-point’ 
positation) is shown in Figure V.3(d). The four points Al, A2, A3 and A4 are now 
coincident with points Tl, T2, T3 and T4, respectively. In order for this to be achieved 
scaling and shearing operations have been employed.
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The basis of the positation function therefore involves mapping a configuration so that 1, 
2, 3 or 4 points associated with that configuration go into set positions. In the example 
these positions have all been in the x-y plane for convenience. The example demonstrates 
the difference between the four modes of positation and is not intended to show all the 
possibilities that are available with the fiinction. Later in this chapter the four different 
modes are looked at individually to examine their capabilities. A complete guide to using 
the function is also provided.
V.2 Anchor and Trellis Points
The four points Al, A2, A3 and A4 associated with the object in the above example are 
known as ‘anchor’ points. Although they are associated with the object being mapped 
they need not actually be part of it. For example consider the configuration shown in 
Figure V.4(a), where the three anchor points Al, A2 and A3 are outside the boundaries of 
the object. When the object is mapped so that Al, A2 and A3 go to positions Tl, T2 and 
T3, as in Figure V.4(b), the mapping takes account of the position of the object relative to 
its anchors.
y
A3
A2
X
y T3
T2
X
(a) (b)
Figure V.4: Anchor points
The points labelled Tl, T2, T3 and T4 in the above examples are the positions that the 
anchor points go to when an object is mapped. These are known as ‘trellis’ points, since 
the points form the basis for objects to be mapped on in much the same way as a garden
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trellis forms the basis for supporting plants. Unlike anchor points, where there may be 
only one set per object, there can be an unlimited number of trellis points. The effect of 
this may be seen from the example in Figure V.5. The object to be mapped is shown in 
Figure V.5(a), together with its one anchor point, Al. Figure V.5(b) shows a set of trellis 
points, Tla, Tib, Tic, Tld and Tie. The object is mapped so that the anchor point Al 
goes to each of the 5 trellis points, resulting in the configuration shown in Figure V.5(c). 
This demonstrates the replication abilities of the function.
A1-
y
T1b . • T1d
• T1a Tie -T ic
X
(a) (b)
(c)
Figure V.5: Trellis points
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KS The Positation Function
The positation function may be used within Formian to carry out mapping procedures 
similar to those detailed above. A Formian instruction to create a formex using the 
positation function may be written as:
G = pos(P,T,A)|F
where:
• F is a formex representing the object to be mapped,
• G is a formex representing the mapped object,
• ‘pos’ is an abbreviation for ‘positation’,
• P is the positation code,
• T is a formex containing details of trellis points and
• A is a formex containing details of the anchor points.
The formex F must have a minimum grade of 2. If this is the case the 2 uniples in each 
signet will represent the X- and Y-coordinates, respectively, of the object to be mapped. 
The Z-coordinate will be assumed to be 0. If the grade is 3 or greater the Z-coordinate 
will be represented by the third uniple.
The formex G will have the same grade as the object formex F, with the exception of the 
case where F has a grade of 2. In this case the output formex G will have a grade of 3. 
All uniples in directions greater than 3 will be unaffected by the positation function.
The three parameters in parentheses take a number of different forms depending on which 
mode of positation is being employed. Full explanations of each follow.
V.3.1 Positation Code
The first item within the function parentheses, as shown in the above example, is the 
positation code. The positation code is an integer expression with value between 1 and 4 
inclusive which signifies the mode of positation which is to take place. If any other value 
is input, it will result in an error.
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v.3.2 Trellis Formex
The trellis formex is the second item within the parentheses. It contains information on 
sets of trellis points which dictate where objects will be mapped. An example of a trellis 
formex may be seen in Figure V.6. This contains information for 2 sets of trellis points for 
positation mode 3. There must be a separate cantle for each set of trellis points, so in this 
case there are two cantles. In addition, there are three signets within each cantle, one for 
each of the trellis points of positation mode 3. The grade of the formex is 3, to provide x, 
y and z coordinates.
Trellis Points 
Point 1 Point 2  Point 3
T={[1,1.0:4.1,0;3.4.0].[5.5.1 ;8.8.1 ;5,8,1 ]}
First se t  o f Second  se t  of
Trellis Data Trellis Data
Figure V.6: Trellis formex
In the formex T therefore the following data has been input:
First set of trellis points: (1,1,0) Second set of trellis points: (5,5,1)
(4.1.0) (8,8,1)
(3.4.0) (5,8,1)
Redundant Trellis Data
There is no limit to the grade or plexitude of a trellis formex. However, if the grade of the 
formex is greater than 3, or the plexitude is greater than the mode of positation, some data 
becomes redundant. For example, consider the following trellis formex, which contains 
data for a mode 1 positation:
T={[1,2,2,5;4,2,3,6],[5,3,2,4;3,5,4,2]}
This formex has two cantles, so two sets of trellis points have been specified. As the 
positation is mode 1, only the first signet in each cantle is used to designate the trellis 
points. Also, the grade is greater than 3, so the first three uniples are used for the x-y-z
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coordinates of the trellis points. This means that the two trellis points have coordinates of 
(1,2,2) and (5,3,2).
The significance of this may not be immediately apparent, but is useful in certain situations 
such as if positation is to take place in different modes, but using the same trellis formex. 
It saves the user having to delete sections of the formex for lower positation modes.
Default Trellis Data
If the grade of the trellis formex is less than 3, or the plexitude is less than the positation 
mode, the missing data will be assumed using default procedures. If the grade of the 
formex is 2, the z coordinates will be assumed to be 0, whilst if the grade is 1, the y 
coordinate will also be assumed to be 0. Consider the case of the following trellis formex 
for mode 2 positation:
T={[1;5],[6;10]}
There are two cantles, which provide two sets of trellis points. The grade is 1, which 
means that no x or y coordinates have been given, and are assumed to be 0. The full 
details of the trellis data are therefore as follows:
First set of trellis points: (1,0,0) Second set of trellis points: (6,0,0)
(5,0,0) (10,0,0)
For modes of positation greater than 1 it is required that the trellis formex has at least two 
signets in each cantle (minimum plexitude of 2). For positation modes 3 and 4 it is 
possible to have less signets than there are trellis points. In cases such as these, positions 
of the third and fourth points are determined by 90° rotations of the first and second trellis 
points. This is best explained with reference to the diagram in Figure V.7, where two 
trellis points, Tl and T2 have been given. The trellis points T3 and T4 will be determined 
using the default procedure.
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y
T4
Default Positions
X
Figure V.7: Default trellis points
The points Tl and T2 have been designated in the positions shown which are in the x-y 
plane. Point T3 has been obtained by a 90° clockwise rotation of the point Tl about T2. 
Point T4 has been obtained by a 90° anticlockwise rotation of the point T2 about Tl. The 
plane that the rotations are carried out in is that which contains the points Tl and T2 and 
makes the least angle with the x-y plane. In the event that Tl and T2 lie in a plane 
perpendicular to the x-y plane, the rotations are carried out in a plane parallel to the y-z 
plane.
The practical implications of the default trellis points may be seen with reference to the 
grid shown in Figure V.8. This is a plane grid which lies in the x-y plane. It has been 
moved to its present position by specifying the four comers as trellis points in a positation 
mode 4 operation.
V
T3T4
T1 T2
Figure V. 8
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To specify the four corners of the grid in full would require a trellis formex such as:
T=[0,0,0; 10,0,0; 10,10,0;0,10,0]
However, using the default system would mean that this same information could be 
expressed in a trellis formex such as:
T=[0;10]
which represents a considerable reduction in input data. The default capabilities however 
should only be taken advantage of when a user is absolutely sure of what they are doing. 
In order to avoid any confusion in general cases, it is usually advisable that the user enters 
all the details in full.
V.3.3 Anchor Formex
The anchor formex is the third and final item within the parentheses of the positation 
function. It contains information on the set of anchor points which dictate where objects 
will be mapped. Its composition is identical to that of the trellis formex, with the 
exception that only one set of anchor points need be given for each object. The anchor 
formex therefore only needs one cantle.
The anchor formex is similar to the trellis formex in that if any data is absent, default 
values for the missing coordinates will be assumed in the same way. Also, if there is 
excess data this will be discarded without affecting the anchor points. If more than one 
cantle is supplied, only the first one will be examined, and the rest ignored.
V,4 Modes o f  Positation
The four modes of positation were introduced briefly earlier in this chapter. In order to 
give a better feel of the capabilities of the positation there follows further information and 
examples regarding all four modes. The examples are in no way intended to cover all the 
possibilities. The positation function is a significant area for future research, both in 
establishing new forms of the function and in finding applications for these capabilities.
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K 4,1 One-Point Positation
Mode 1 positation, or one-point positation, in its basic form as demonstrated earlier is 
equivalent to the tranix Formian function. If used to its full potential it may be equivalent 
to a ‘super genic’ or ‘super rinix’ function. This point is illustrated by the example in 
Figure V.9. A tetrahedron has been created using the polymation fiinction, with its centre 
at the origin of the Cartesian coordinate system. The tetrahedron is comprised of members 
along each of its edges and is shown in Figure V.9(a) together with the sole anchor point 
Al, located at the origin of the coordinates. Figure V.9(b) shows four points, Tla, Tib, 
Tic and Tld at the vertices of a tetrahedron of similar size. These four points have also 
been obtained using the polymation function, mapping on vertices.
If these four points are now designated as trellis points for the mapping of the object in 
Figure V.9(a) the result is as shown in Figure V.9(c). It may be seen that there is a 
tetrahedron at each of the four trellis points, which are now represented by large dots. 
Since there are four trellis points, the object has been mapped four times, with the anchor 
point coinciding with each trellis point.
T1d
T1b
T1c
T1a
(a) Anchor points (b) Trellis points
Figure V.9 (part i): One-point positation using tetrahedron
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(c) Tetrahedron at every vertex of original tetrahedron
Figure V.9 (part ii): One-point positation using tetrahedron
This example gives an idea of what is available with one-point positation. Basically, any 
collection of points in space may be used as a trellis for the mapping of objects using 
mode 1.
V. 4.2 Two Point Positation
Two-point positation, or positation mode 2, involves an object being scaled so that its two 
anchor points coincide with two designated trellis points. Scaling takes place only in the 
direction of the line linking the two anchor points. The plane containing the two anchor 
points and which makes the smallest angle with the x-y plane is designated as the ‘mapping 
plane’, in a similar way to polymation face mapping. If the two points are in the x-y plane, 
the x-y plane becomes the mapping plane. When the object is mapped, the anchor points 
become coincident with the trellis points. The mapping plane is positioned so that it makes 
the smallest angle with the x-y plane (and contains the two trellis points). More 
information regarding the mapping plane may be found in the positation chapter.
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The concept of the mapping plane may be noticed from the example in Figure V. 10, where 
an object is mapped in three dimensions, rather than just in the x-y plane. The object to be 
mapped is shown in Figure V. 10(a), together with the two anchor points. It is a plane, 
square, grid located in the x-y plane, which is also the mapping plane since it makes no 
angle with x-y plane. The two anchor points are at the two lower comers of the grid. 
Shown in Figure V. 10(b) are the trellis points, showing where the object is to be mapped. 
In all, there are seven trellis points numbered T i t o  T7, which all lie in the x-z plane. 
These are combined in pairs to make six sets of trellis points, as follows: 
(T1,T2),(T2,T3),(T3,T4),(T4,T5),(T5,T6),(T6,T7). A formex used to contain this infor­
mation would take the form:
{[Tlx,Tly,Tlz;T2x,T2y,T2z],[T2x,T2y,T2z;T3x,...etc. 
where [Tlx,Tly,Tlz] are the x-y-z coordinates of point Tl.
In the first instance the object must be mapped so that the anchor points A1 and A2 are 
coincident with trellis points Tl and T2, respectively. The object is scaled in the x 
direction, which happens to be the line linking the two points. When it is mapped, the 
mapping plane is mapped so that it makes the smallest angle with the x-y plane. This 
process is repeated for all the other sets of trellis points to produce the configuration 
shown in Figure V. 10(c), where the trellis points are indicated by large dots.
A1 A2
X
(a) Anchor points
12
# T4 16
T1 T3 T5
(b) Trellis points
T7 —*-
Figure V.IO (part i): Two point positation in three dimensions
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(c) Mapped object 
Figure V.IO (part ii): Two point positation in three dimensions
It may be noticed that the scale of the mapped objects in the y direction remain unaffected, 
and are all still of equal length in that direction. The mapped objects are all rectangular in 
shape now since their scale was reduced in one direction to make them fit the trellis points.
Two-point positation may also be used in conjunction with double layer objects, as the 
following example will demonstrate. In Figure V .ll(a) is shown a double layer grid with 
two anchor points labelled A1 and A2. The direction of the line containing these two 
anchor points is perpendicular to the planes of the two layers of the grid. This means that 
when the object is scaled to fit the trellis points, only the scale in the z direction will be 
affected.
(a) Object to be mapped 
Figure V. 11 (part i): Two point positation of double layer grid
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(b) Mapped object 
Figure V.l 1 (part ii): Two point positation of double layer grid
This may be seen from the resultant mapped object in Figure V. 11(b). It has been mapped 
twice, with the two sets of trellis points shown. In one case the anchor points A1 and A2 
have gone to positions T la and T2a, respectively and in the other they have gone to Tib 
and T2b, respectively. The scale in the z direction has changed, but the length and width 
of both mapped objects remain the same.
Of course like mode 1 positation, mode 2 may be used as a replication tool, but with the 
added capability to scale as well. There are many further possibilities for this mode of 
positation, which will hopefully be explored further.
V.4.3 Three Point Positation
Mapping using three-point positation involves an object being scaled and sheared so that 
the three anchor points can coincide with the three trellis points. The plane in which these 
operations take place is that containing the three anchor points. Dimensions in directions 
perpendicular to this plane remain unaffected, as will be shown by one of the following 
examples.
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One of the foremost uses of mode 3 positation is in mapping finite element meshes into 
positions dictated by three corner points. The way in which this is achieved is shown in 
Figure V.12. The finite element mesh is shown in Figure V.l2(a) together with three 
anchor points, one at each comer of the mesh. The trellis points that the anchor points are 
to be mapped to are shown in Figure V. 12(b). These are random points based around a 
square base, which is in the x-y plane. The trellis points on this square are Tl, T2, T3, T4, 
T7, T12, T15, T14, T13 and T8, reading in an anticlockwise direction. These points all 
have zero z value.
The other trellis points are randomly distributed within the square and have different z 
values. Three trellis points are required in each mapping case to match the number of 
anchor points. For example along the bottom row, there are three sets of trellis points, 
which are: (T1;T2;T5),(T2;T3;T6),(T3;T4;T7). The result of the mapping may be seen in 
Figure V. 12(c) which shows a plan view. In each case the mapping object has been scaled 
to fit the trellis boundaries indicated by the large dots. An isometric view of the 
configuration created by the positation may be seen in Figure V. 12(c). This clearly shows 
how the trellis points have different z coordinate values.
T13 T15T14
T11• T10
T12T9
A2 T6T5 •
X
T2 T3 T4
(a) Object with anchor points (b) Trellis points
Figure V.12 (part i): Three point positation
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<><
/ z
(c) Plan view after positation
(c) Isometric view after positation
Figure V.12 (part ii): Three point positation
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Mentioned above was the fact that, with three point positation, no scaling takes place 
perpendicular to the plane containing the three anchor points (the mapping plane). In 
planes that are parallel to the mapping plane, scaling does take place, to the same degree. 
These facts are illustrated by the example in Figure V.13.
In Figure V. 13(a) is a double layer grid similar to that used in the example for two-point 
positation. The three anchor points AI, A2 and A3 are in the x-z plane at comers of the 
grid. The three trellis points that are to be mapped to are also in the x-z plane, but at 
different places. The trellis point T2 is double the distance from Tl than the 
corresponding A2 is from Al. Likewise, T3 is three times the distance from Tl than A3 is 
from Al. This results in the configuration shown in Figure V. 13(b), which also displays 
the trellis points. It may be seen that the dimensions in the y direction (perpendicular to 
the mapping plane) have remained unaltered, whilst those in planes parallel to the mapping 
plane have been altered.
A2 X
(a) Object to be mapped
T2 X
(b) Mapped object
Figure V.13: Three point positation of double layer grid
One further example of three point positation is shown in Figure V.14. This example 
shows how the positation function can be used in conjunction with other functions, in this
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case the tractation function. A cone shaped configuration has been produced by mapping 
the anchor points of the object shown in Figure V. 14(a) into the positions shown in Figure 
V. 14(b). In each case the three trellis points consist of two adjacent points from the base 
ring in addition to the apex trellis point TIO. The object must be stretched to make the 
anchor points fit the trellis points and create the configuration shown in Figure V. 14(c).
(a) Object to be mapped
T6
(b) Trellis Points
(c) Mapped Configuration (d) Projection using Tractation
Figure V.14: Interaction between positation and tractation
Appendix V: Positation Function Page 381
Projection of the configuration onto an elliptic paraboloid has then been carried out using 
the tractation function, the results of which may be seen in Figure V. 14(d). This example, 
along with the other two, shows the varied nature of the configurations that may be 
produced using three point positation and help illustrate how the function should be used 
to take advantage of its capabilities.
V.4.4 Four Point Positation
The example of four point positation in the introduction to this chapter was a case where 
all four anchor points were in the same plane, and all four trellis points were in the same 
plane. This need not be the case, as the example in Figure V .l5 shows. A grid is shown 
with its four anchor points Al, A2, A3 and A4 in Figure V.l5(a). The grid lies in the x-y 
plane, as do the anchor points which are at the corners of the grid. The trellis points 
however do not lie in the same plane. Points Tl, T2, T3 and T4 are at locations [0,0,4], 
[10,0,0], [10,10,4] and [0,10,0], respectively. The result of the mapping, shown in Figure
V.l5(b) with the trellis points, is in fact a hyperbolic paraboloid.
A1
A4 A3
A2 X
(a) Plan view of object showing anchor points 
Figure V .l5 (part i): Hyperbolic paraboloid using four point positation
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(b) Isometric view o f ‘saddle’ following positation 
Figure V .l5 (part ii): Hyperbolic paraboloid using four point positation
This configuration brings out an important point relevant to positation mode 4. This is the 
fact that lines between adjacent anchor points remain straight after positation has taken 
place. Also the ratio of the distances between the anchor points is consistent. For 
example, a point which is 60% of the way from Al to A2 will be 60% of the way from Tl 
to T2 after positation. It also means that lines that are straight on the object remain 
straight after positation, resulting in a ‘ruled surface’.
An interesting effect is obtained if two trellis points are located in the same position. This 
is the case in the example shown in Figure V. 16. The object shown with its anchor points 
in Figure V. 16(a) has been mapped to the position shown in Figure V. 16(b) dictated by the 
position of the trellis points T l, T2, T3 and T4. All the lines which were parallel to the y 
axis on the object now merge at the point where T3 and T4 coincide. It must be noted 
however that it is not possible to have two anchor points coincident as this would result in 
ambiguous relationships between points of the object and anchor points.
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T4A4» 'A3 T3
X T2A2
Figure V. 16: Merging of two points in four point positation
As with mode 3 positation, mode 4 may be used to place finite element meshes between 
designated nodal points. This is shown in Figure V .l7 where a square grid has been 
mapped into a number of adjacent positions to create a ‘patchwork’ configuration. The 
overall boundaries form a square. It is, of course, possible to use both three and four sided 
meshes together in the same configuration, but it would require more than one Formian 
instruction for this to be achieved.
Figure V.17: ‘Patchwork’ configuration created positation mode 4
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The final example involving four point positation relates to a double layer grid. A plan 
view of this grid may be seen in Figure V.l8(a), whilst an isometric view is shown in 
Figure V.l8(b). The double layer grid is to be transformed using two positation 
operations. In the first of these, the anchor and trellis points are as shown in Figs 5.18(c). 
It may be seen that anchor points Al and A2 do not coincide with any points of the object, 
which is not a problem as previously mentioned. Of the four trellis points Tl, T2 and T3 
are in identical positions to their corresponding anchor points. The only change is T4 
which has double the y value of A4. The effect of this on the whole configuration is 
shown in Figure V. 18(d) where the upper layer of the grid now slopes.
For the second positation operation the anchor and trellis points are situated in the y-z 
plane, as shown in Figure V.l8(e). As with the first case, there are two anchor points 
which do not lie on points of the object. Also, there is only one trellis point, T3, which 
moves from the position of its corresponding anchor point, A3. This results in the 
configuration shown in Figure V.18(Q where the double layer grid may be seen to be 
sloping in two directions, with a high point along the y axis and a low point along the x 
axis.
X -
X —
X—
-K -
I
•X-
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I '
-X-
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— X — — X
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- Top
- Bottom
- Web
X
(a) Double layer grid to be transformed 
Fig V .l8 (part i): Four point positation involving two transformations
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(b) Isometric view of double layer grid
T4
A4 A3 T3
A2 X
(c) Anchor and trellis points for first transformation (in x-z plane)
Vi
(d) Double layer grid after first transformation 
Fig V .l8 (part ii): Four point positation involving two transformations
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T3
A3A4 T4
A2 T2y
(e) Anchor and trellis points for second transformation (in y-z plane) 
Vi
(f) Double layer grid after second transformation 
Figure V .l8 (part iii): Four point positation involving two transformations
This last example reinforces the point about how flexible the positation function is. It is 
likely that there are many further uses of the function that have yet to be discovered. It 
must be remembered that the fiinction was originally developed to complement the 
polymation function. The example in Figure V.14 shows that the function may also be 
used with other functions, in that case the tractation fimction.
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Rendering
When viewing polyhedric configurations it is often the case that the sheer mass of 
members prevents a decent representation being obtained. This is particularly true for 
double layer configurations, such as the geodesic form shown in Figure VI. 1. This is a 
standard view of the configuration and has not been specifically chosen to be a poor angle. 
Indeed, it is very difficult to find a good angle to view a configuration such as this.
Figure VI. 1 : Double layer geodesic configuration
A view of a configuration that has been constructed (such as a photograph) is obviously 
far superior to a view such as that shown in Figure VI. 1. The reason for this (apart fi*om 
realism) is that members closer to the viewing position are in front of those further away, 
and therefore obscure parts of them. A truer perspective of the configuration is therefore 
obtained. This effect may be obtained in plots of configurations by using a ‘rendering’ 
package. A rendering package is a computer based system which can be used to transform 
members into bars, nodes into ball joints, nets into surfaces and much more besides.
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Views of configurations produced using rendering techniques can have shadows and be 
made to look lifelike. This enables complex ‘artists impressions’ of configurations to be 
obtained to illustrate how a configuration will look if constructed.
An illustration of rendering techniques is provided by the two views of the cuboctahedron 
shown in Figure VI.2. The first view, in Figure VI.2(a) is a standard view of the 
cuboctahedron showing all the members as solid lines (the view could be improved slightly 
by showing the members at the rear as dashed lines). The other view of the 
cuboctahedron, shown in Figure VI.2(b) sees each line replaced by a member with actual 
thickness, and a ‘ball’ placed at each node. If any member is in front of another, the 
covered part of the member to the rear is hidden. The different shades of the members add 
to the effect and make the configuration look more realistic.
Another example of a polyhedric configuration which has been rendered is shown in Figure
VI.3. In this case the configuration is based on the tetrahedron, where each edge has been 
divided into two with connecting members. Views of this configuration before and after 
rendering are shown in Figures VI.3 (a) and VI.3(b), respectively. A tubular member has 
again been placed on each edge, and a ball node on each vertex. The view of the rendered 
configuration gives a good impression of how the members relate to each other.
A final example of rendering is shown in Figure VI.4. In this instance a computer package 
has been used to render a single layer geodesic configuration. However, unlike the 
previous two examples it is not the members and nodes that have been rendered, but the 
triangular faces of the configuration. The configuration before rendering is shown in 
Figure VI.4(a) and after rendering in Figure VI.4(b). Each face has been replaced by a 
panel, which has a different shade depending on its location on the configuration. A view 
such as this can be used to envisage how a dome would look from the outside, after 
cladding has been applied.
Being able to obtain realistic views of how configurations will look when constructed will 
enable designers and architects to give clients an idea of what they will receive. This 
should lead to a growth in the use of space structures in general, and polyhedric 
configurations in particular.
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(a) Configuration before rendering
(b) Configuration after rendering 
Figure VI.2: Rendering of edges of cuboctahedron (P7)
Appendix VI: Rendering Page 391
(a) Configuration before rendering
(b) Configuration after rendering 
Figure VI. 3: Rendering of tetrahedral configuration
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(a) Configuration before rendering
w s \X \X '
SSs
(b) Configuration after rendering 
Figure VI.4: Rendering of geodesic dome
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